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The nonlinear evolution of high-frequency disturbances in high-Reynolds-number
Stokes layers is studied. The disturbances are composed of a two-dimensional wave
(2, 0) of magnitude &, and a pair of oblique waves (a, + ) of magnitude ¢, where
a, ff are the streamwise and spanwise wavenumbers respectively. We assume that
B = +/3a so that the waves form a resonant triad when they are nearly neutral. It is
shown that the growth rate of the disturbance is controlled by nonlinear interactions
inside ‘critical layers’. In order for there to be a nonlinear feedback mechanism
between the two-dimensional and the three-dimensional waves, the former is
required to have a smaller magnitude than the latter, namely & ~ O(e%). The
timescale of the nonlinear evolution is O(¢7%).

As in Goldstein & Lee (1992), the amplitude equations turn out to be significantly
different from those of Raetz (1959), Craik (1971) and Smith & Stewart (1987) in two
respects. Firstly, they are integro-differential equations, i.e. the local growth rate
depends on the whole history of the evolution. Secondly the back reaction of the
oblique waves on the two-dimensional wave is represented by two cubic terms and
one quartic term, rather than by one quadratic term. Our numerical investigations
show that the amplitudes of the two- and three-dimensional waves can develop a
finite-time singularity, a result of some importance. The structure of the finite-time
singularity is identified, and it is found that the two-dimensional wave has a ‘more
singular’ structure than the three-dimensional waves. The finite-time singularity
implies that explosive growth is induced by nonlinear effects. We suggest that this
nonlinear blow-up of high-frequency disturbances is related to the bursting
phenomena observed in oscillatory Stokes layers and can lead to transition to
turbulence.

1. Introduction

This study is concerned with the instability of a Stokes layer generated by a
sinusoidally oscillating flat plate with speed U, cos wt* in an infinite fluid of kinematic
viscosity », where t* is the time. The resulting flow has a boundary-layer thickness
&* = (2v/w)i, and a Reynolds number R = Uy(2/ vw)t based on &8*. It is an important
prototype of unsteady flows as well as an exact solution of the Navier—Stokes
equations. Experiments show that the instability of a Stokes layer on a flat wall
consists typically of bursts of high-frequency disturbances followed by rela-
minarization, see e.g. Merkli & Thomann (1975), Hino, Sawamoto & Takasu (1976),
Hino et al. (1983) and Akhavan, Kamm & Shapiro (1991a). This is significantly
different from the case of the Stokes layer on a torsionally oscillating cylinder, where
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the flow can support regular, stationary vortices due to a Taylor-Gortler type of
instability (Seminara & Hall 1976).

Since the basic flow is time-periodic, its linearized instability properties are
described by equations with time-periodic coefficients, and one might expect Floquet
theory to be applicable. Indeed, Floquet theory has successfully predicted the onset
of Taylor-Gortler instability. For instance, Hall (1984) and Papageorgiou (1987)
have found such instabilities both in the flow generated by a transversely oscillating
cylinder, and in oscillatory flow through a curved pipe, respectively. Another
successful example of a Floquet analysis is the study of von Kerczek & Davis (1976),
where the instability is induced by buoyancy. For the Stokes layer of interest here,
the instability is associated with the shear of the basic flow, and a Floquet analysis
conducted by Hall (1978) shows that the flow is stable at all the Reynolds numbers
investigated, i.e. B < 320; indeed it is possible that according to Floquet theory, the
flow is stable at all Reynolds numbers. However, Floquet theory concentrates on the
net growth of a disturbance over a whole period, and experimental observations
shows that disturbances grow intermittently. This suggests that an approach based
on Floquet analysis may not be appropriate if the practical instability of a Stokes
layer over a flat plate is to be understood.

An alternative approach is to study the instantaneous instability of the flow.
Various heuristic analyses based on a quasi-steady assumption have been suggested,
e.g. Collins (1963), Obremski & Morkovin (1969) and Monkewitz (1983). However, as
emphasized by Cowley (1987), these methods are mathematically inconsistent in the
sense that the Reynolds number is first assumed to be sufficiently large that a
multiple-scale analysis can be performed in time, but it is taken to be order one so
that viscous effects can be retained in the Orr—Sommerfeld equations. This type of
analysis predicts that the instantaneous profile has a lower critical Reynolds number
at the start of the acceleration phase than at the end of it (e.g. see von Kerczek &
Davis 1974). Akhavan, Kamm & Shapiro (1991a, b) argued that this was in conflict
with the observation that bursts occur at the end of the acceleration phase. They
suggested a transition process based on direct numerical simulations and secondary
instability arguments. However, they did not address the inception of the modes
which are locally the most unstable; moreover there is at least some experimental
evidence suggesting that transition seems to be associated with the initial growth of
such modes (Merkli & Thomann 1975).

Tromans (1978) and Cowley (1987) put the ad hoc quasi-steady assumption on a
self-consistent basis by assuming that the Reynolds number was large throughout.
They assumed that the most relevant unstable disturbances had frequencies of order
Row, i.e. frequencies much higher than those of the basic low when R » 1. The
disturbance thus evolves over a very fast timescale (Rw)™. This is required for
mathematical self-consistency, but is also in good agreement with experimental
observation. They found that at leading order, the disturbances were governed by
the Rayleigh equation. A Rayleigh instability of the Stokes layer to high-frequency
disturbances was identified, and the time interval over which such disturbances can
grow was calculated.

Wu (1991) investigated nonlinear effects for near-neutral waves in the case of both
two-dimensional disturbances, and disturbances consisting of a pair of oblique waves
(see also Wu & Cowley 1992 ; Wu, Lee & Cowley 1992). It was shown that a nonlinear
interaction could take place inside the critical layers, i.e. thin regions centred on
levels at which the phase velocity of the disturbance is equal to the velocity of the
basic flow. This interaction controlled the growth rate, and moreover could induce
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a finite-time singularity. Consequently, the disturbances could be rapidly amplified
by nonlinear effects. This suggests that instability and transition of the Stokes layer
may be explained in terms of nonlinear growth over part of a period rather than in
terms of the net growth over a whole period. The explosive growth of high-frequency
disturbances may be related to the bursts observed in experiments.

A crucial effect that we shall explore here is nonlinearity in the critical layers for
the case of a resonant-triad interaction. For a survey of critical-layer analyses,
readers are referred to the papers by Stewartson (1981) and Maslowe (1986). These
review earlier work both on Rossby waves (e.g. Warn & Warn 1978), and on
nonlinear neutral modes of the Benney & Bergeron (1969) type. Here we only review
some previous papers which are of immediate relevance to our work.

A pioneering work was that of Hickernell (1984) who considered the evolution of
a two-dimensional, free Rossby-wave mode on a shear layer. By imposing an
appropriate radiation condition at infinity, the eigenmode is singular because its
critical level is not located at the inflexion point of the basic-flow profile. Unlike the
forced problem studied by Warn & Warn (1978), the critical-layer dynamies is
governed by linear equations at leading order. As a result a weakly nonlinear analysis
is possible (cf. Stuart 1960). In particular, by retaining the unsteady term in the
leading-order critical-layer equations, Hickernell (1984) obtained an amplitude
equation containing a history-dependent nonlinear cubic term. On the other hand,
the development of two-dimensional free modes with regular critical layers have been
studied by Churilov & Shukhman (1987), Goldstein, Durbin & Leib (1987), Goldstein
& Leib (1988) and Goldstein & Hultgren (1989). By developing the unsteady,
strongly nonlinear, critical-layer structure of Warn & Warn (1978) they were able to
describe the roll-up process of two-dimensional instability waves in shear layers.

Goldstein & Leib (1989) have also considered the viscous evolution of a single
three-dimensional oblique mode in a compressible free shear layer. They were
concerned with the mode whose critical level coincided with the so-called generalized
inflexion point, and hence the eigensolutions for the pressure and normal velocity
were regular at the critical layer. They showed that nonlinear effects were associated
with a simple pole in the temperature fluctuation, and that this lead to an amplitude
evolution equation similar to that of Hickernell (1984) (see also Leib 1991). Their
numerical investigations of the amplitude equation reveal that the solution can
either blow up at a finite distance downstream or evolve into an equilibrium state.
The final state depends on the relative size of the disturbance, the Reynolds number,
and on the sign of the real part of the coefficient of the nonlinear term. The same
amplitude equation was obtained by Shukhman (1991) in an astrophysical instability
problem.

The evolution of a pair of interactive oblique modes with the same streamwise
wavenumber, but spanwise wavenumbers of opposite sign, was studied by Goldstein
& Choi (1989) for a free shear layer. Again, weakly nonlinear critical-layer effects of
Hickernell (1984) type were found; this is in contrast to the strongly nonlinear
critical layer in the corresponding two-dimensional case (e.g. Goldstein & Leib 1988).
Primarily this is because the streamwise velocity has a simple pole type of
singularity. This case is also significantly different from the case of a single oblique
wave (Goldstein & Leib 1989), because in the latter case the nonlinear effects
associated with the pole singularity can be suppressed by an appropriate Squire
transformation. Recently, Wu ef al. (1992) have extended the analysis of Goldstein
& Choi (1989) by including viscosity.

In this paper, we shall be concerned with a ‘resonant-triad’ interaction. This is a
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‘stronger’ interaction in the sense that quadratic interactions can affect the
development of the disturbance (cf. the cubic nonlinearity in Hickernell’s 1984
weakly nonlinear analysis). This type of interaction takes place in many kinds of
flows, e.g. see Craik (1985). The possibility of resonant-triad interactions between
Tollmien—Schlichting (T-S) waves was suggested by Raetz (1959) and Craik (1971).
They proposed the following mechanism. Suppose there is a pair of three-dimensional
modes, say (a, + f,¢,), and a two-dimensional mode, say (2,0, c,), where + £ are the
spanwise wavenumbers of the three-dimensional modes, a and 2« are the streamwise
wavenumbers of the three-dimensional and two-dimensional modes respectively, and
¢, and c, are the respective phase velocities. If

€y = Cy, (1.1)

then a nonlinear interaction can occur at order (amplitude)?, i.e. ‘sooner’ than the
order-(amplitude)? interaction of the non-resonant case (Stuart 1960; Watson 1960).
If (1.1) holds only approximately, then the waves are said to be detuned. In this
paper, we shall restrict our attention to the tuned resonant case. Goldstein & Lee
(1992) allow for a detuned triad, although we note that a more general approach
would be to allow for modulations in the spanwise direction (cf. Craik 1985).
Similarly the analysis could be generalized by studying a wavepacket localized in
space, i.e. by allowing for modulations in the streamwise direction.

We also recall that resonant-triad modes may have more general forms and do not
necessarily have to be associated with the same instability (e.g. Craik 1985). For
instance, Hall & Smith (1988) considered an interesting resonant-triad interaction in
concave channel flow. This flow can support both T-S waves and Taylor-Gértler
vortices. The triad they considered was composed of a pair of oblique T-S waves and
a Gortler vortex. Recently Thomas (1992) has studied resonant triads composed of
T-S waves and various ‘wall modes’ for flows over compliant walls.

As pointed out by Stuart (1962a, b), condition (1.1) is not readily satisfied by
T-S waves at finite Reynolds numbers. Craik (1971) found that in a boundary layer,
for a given a, (1.1) is valid only for certain specific values of 4, and he referred to this
as the selective amplification mechanism. However, at asymptotically high Reynolds
numbers Stuart’s argument seems to have less force. Smith & Stewart (1987) put
Craik’s analysis on an asymptotic basis by using a triple-deck style of analysis; they
showed that the resonant-triad interaction took place for ‘high-frequency’ T-S
waves, i.e. for high-frequency solutions to the triple-deck equations.

In the case of Rayleigh waves, condition (1.1) can be easily satisfied. Suppose
(2,0, c) is a neutral mode of Rayleigh’s equation, then from Squire’s transformation,
it follows that if B=+/3a, (1.2)

the (o, + £,¢) modes are also neutral, and moreover the resonant-triad condition is
satisfied. The relation (1.2) was given by Craik (1971), and is also the resonant
condition for high-frequency T-S waves at asymptotically high Reynolds numbers
(e.g. see Smith & Stewart 1987).

Recently, Goldstein & lLee (1992) studied a resonant-triad interaction in a
boundary layer. They assumed that a weak adverse pressure gradient was present,
so that long-wavelength Rayleigh waves existed (see also Goldstein et al. 1987). As
in Hickernell (1984), the critical layers were of unsteady/non-equilibrium type. It
was shown that in order for there to be a weakly nonlinear mutual interaction
between the two-dimensional and three-dimensional waves, the amplitudes of the
three-dimensional waves were required to be much larger than that of the two-
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dimensional wave. Moreover, they pointed out that the feedback effect of the three-
dimensional waves on the two-dimensional wave was through a quartic rather than
a quadratic interaction ; in particular the amplitude equation for the two-dimensional
wave contained a quartic term. The solutions of the amplitude equations were found
to develop a singularity at a finite distance downstream.

Goldstein & Lee (1992) also showed that if the two-dimensional and three-
dimensional waves were of equal size, then the growth rate of the three-dimensional
waves was enhanced by the two-dimensional wave, but the three-dimensional
waves had no back reaction on the two-dimensional wave. As a result, the
three-dimensional waves exhibited faster-than-exponential growth, while the
two-dimensional wave continued to grow exponentially. Eventually, the three-
dimensional waves become sufficiently large to affect the two-dimensional wave, at
which point the evolution entered the fully interactive resonant-triad stage. We note
that the super-exponential growth can in fact occur even when the three-dimensional
waves are very much smaller than the two-dimensional waves. This therefore
provides a selective amplification mechanism for three-dimensional waves.

A fully interactive resonant-triad of T-S waves in the Blasius boundary layer was
proposed by Mankbadi (1992). He was concerned with the upper-branch scaling
regime (cf. Smith & Stewart 1987), which covers almost the entire range of unstable
Reynolds number. In this regime, the viscous critical layer is distinct from the
viscous wall layer and hence the flow is not described by a triple-deck structure (e.g.
Bodonyi & Smith 1981). He showed that the dominant nonlinearity occurs in the
critical layer. The importance of critical layers in resonant-triad interactions was
shown earlier by Usher & Craik (1975) in a more heuristic way.

The present study was originally inspired by an early versiont of Goldstein & Lee
(1992). Our aim is to examine the fully interactive resonant-triad instability of a
Stokes layer, and its relevance to transition — with special reference to its bursting
nature. For convenience, we assume that the Reynolds number is sufficiently large
so that the critical layers involved in our analysis are predominantly ¢nviscid and
unsteady, as in Goldstein & Lee (1992). This is in contrast to the steady viscous
critical layer of Mankbadi (1992).] The nonlinear terms in the amplitude equations,
as will be shown, are determined by nonlinear interactions inside the critical layers
and do not depend on the basic flow as a whole. Thus the results obtained are valid
for Rayleigh instability in a wide class of shear flows. Indeed, we could formulate our
analysis for general flows; however, we believe that the example of the Stokes layer
is sufficiently illustrative. Finally we note that the Rayleigh instability waves in
Goldstein & Lee (1992) have long wavelengths, while in our problem, the Rayleigh
modes are assumed to have order-one wavelengths. Despite this difference the
amplitude equations turn out to be essentially the same as those of Goldstein & Lee
(1992); the only differences are in the coefficients. We shall discuss this aspect in §5.

The paper is organized as follows. In §2 the underlying scaling is derived and the
problem is formulated. Specifically, we show how nonlinear effects inside the critical
layers come into play, and how the disturbances gradually evolve into a nonlinear
stage from the strictly linear finite-growth-rate stage. In §3 the outer expansions are

1 In this earlier version, important features of the fully interactive interactions were highlighted,
but not fully explored by detailed asymptotic expansions.

1 However, we note that Mankbadi (1992) may have omitted an unsteady diffusion layer, which
surrounds the viscous critical layer. The present author is investigating this issue with Dr
Mankbadi.
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carried out. The asymptotic solutions of the outer problem near the critical layers are
obtained, and as usual they contain some undetermined ‘jumps’. The main results
of this section are two solvability conditions which have to be imposed on higher-
order inhomogeneous Rayleigh equations. In §4 the inner expansions within the
critical layers are carried out and the solutions, together with their asymptotes, are
obtained. The jumps are obtained by matching with the outer solutions. In §5, using
the solvability conditions and the calculated jumps, we determine two coupled
integro-differential equations for the disturbance amplitudes. Expressions for the
coefficients in these equations are given, and they are evaluated for the specific
example of a Stokes layer. Numerical solutions of the amplitude equations suggest
that a finite-time singularity can form. The structure of this singularity is identified
and discussed. Finally, in §6 we draw some conclusions and discuss implications of
the present study. Since the analysis is rather lengthy, readers may find it helpful to
look at the main result of the analysis, i.e. the amplitude equations (5.1) and (5.5),
before studying the details given in §§3 and 4. The main task of the analysis is to
derive the nonlinear kernels and the associated coefficients of the nonlinear terms.

2. Scaling arguments and formulation

The flow is described by non-dimensional Cartesian coordinates (z, y, z), where x is
parallel to the direction of oscillation of the plate, y is normal to the plate, and z is
the spanwise direction. If we take 8*, w™!, and U, as characteristic length, time and
velocity scales respectively, then the basic flow is given by

(O,V,W) = (cos (T—y)e7?,0,0),
where 7 = wt*, with t* being the dimensional time variable. We denote the perturbed
flow by _
(U+u,v,w).

Following Tromans (1978) and Cowley (1987), we study the high-frequency
instability waves, and introduce the fast timescale

t=Rr (2.1)

to take account of the frequency of Rayleigh waves. At any time, there exist an
infinite number of Rayleigh modes (Cowley 1987), but the most rapidly growing
modes can for the most part be found at those times and for those wavenumbers that
lie beneath the solid curve A in figure 1. In this paper, we shall concentrate on these
modes.

We assume that the velocity component v,y of the two-dimensional disturbance
has a magnitude of O(d), and that to the leading order has the form

Vop ~ 0By @, (y, T) E*+c.c.,

where 0 < 1, and the order-one complex constant B, is a measure of the scaled
amplitude of the two-dimensional wave. Throughout the paper c.c. represents the
complex conjugate of the part written out explicitly. For convenience, we have
defined .
E = exp (iax—i0(2)), (2.2)
dé

where T lac(t)+4R3Q,(1)+ ..., (2.3)
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F1aure 1. Sketch of the neutral diagram for wavenumbers & = 2a (from Cowley 1987). 7, is a point

on the right-hand branch of the neutral curve A. In the analysis we concentrate on times close to

T = 7o+ 67, where 7, < 0 and ¢ is the magnitude of the oblique waves. The point marked by x is

a mode crossing point; see Cowley (1987) for details.

with ¢ being a complex speed, i.e. ¢ = ¢, +ic;. In this study, we assume that the
wavenumber o is of order one.

The three-dimensional disturbance is composed of a pair of oblique Rayleigh
waves with equal amplitudes ¢ and equal streamwise wavenumbers a, but opposite
spanwise wavenumbers 1 . We assume that f# = 4/a so that the oblique waves have
the same phase velocity as the two-dimensional wave, i.e. we satisfy the resonant
condition. The velocity component v,y of the three-dimensional disturbance can be
expressed, to leading order, in the form

Vyp ~ €40, (y, 7) E cos flz+c.c.,

where A4, is a measure of the scaled amplitude of the three-dimensional waves (for
simplicity we assume that the two oblique waves have equal amplitudes, although
this restriction could be relaxed).

According to linear theory both the two- and three-dimensional disturbances can
grow over the same part of the Stokes-layer oscillation period, say from a time 7,
until a time 7,, at which the waves become neutral (see figure 1). In the vicinity of
the neutral time 7,, the linear growth rates are small, and critical layers exist. Owing
to the singular nature of Rayleigh’s equation near such critical layers, nonlinearity
first becomes important there (see references cited in §1).

Before proceeding to a formal asymptotic analysis, we must obtain the underlying
scaling, i.e. the relationships between ¢, ¢ and &. For this purpose, we introduce the
intermediate timescale ¢, = ac; ¢t which represents the ‘slow’ timescale over which the
wave grows. This timescale is much ‘slower’ than the ‘high-frequency’ timescale of
the almost neutral instability waves, but much ‘faster’ than the slow timescale over
which the underlying Stokes flow oscillates. The disturbances are then described by
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the timescales ¢, ¢;, and 7. (In fact there is a fourth timescale in the problem, namely
ac; R, over which the growth rate changes (see (2.8) and (3.7)). However, for the
purpose of our scaling arguments we do not need to consider this timescale.) In terms
of these new variables, the z-momentum equation can be written as follows:

0 0 , 0 oU dp 0 0
{acia—tl+(U—c)a +2R~ P } +v @ PR ayuv 5, W
where 0/0t has been replaced by —c, 0/0x since this is true to the order required (see
(2.2) and (2.3)).

We are interested in the case where the nonlinear evolution occurs on the fastest
possible timescale, i.e. we require that the time-variation term appears at leading
order in the critical-layer equations (cf. Hickernell 1984). Suppose that the thickness
of the critical layers is O(u), then near a critical layer y = y,, where U(y,) = c,, we
have that (U—c,) = O(u), if we assume that U,(y.) + 0. By balancing the ac; E)u/at
and (U—c,)du/0x terms, we conclude that

p~ 0(c). (2.4)

As in Goldstein & Lee (1992), this scaling brings in an unsteady/non-equilibrium
effect that does not occur in the analyses of Raetz (1959), Craik (1971), Smith &
Stewart (1987) and Mankbadi (1992). As pointed out by Hickernell (1984), such a
non-equilibrium term leads to an amplitude equation that involves history effects
and takes the form of an integro-differential equation.

As a critical layer is approached, the streamwise velocity of the three-dimensional
waves exhibits a pole type of singularity, i.e.

p ~ €/(Y—Yc)s

as found by Benney (1961), and as was implied by Squire’s (1933) analysis (see also
Goldstein & Choi 1989). Hence in the critical layer, the magnitude of uyy, , = O(ex™?).
Moreover, according to the asymptotic properties of solutions to Raylelgh sequation,
the normal velocities of the two- and three-dimensional waves are of order & and ¢
respectively, both in the critical layer and in the main part of the fiow. The nonlinear
interaction inside the critical layer between the two-dimensional and the three-
dimensional waves through the (0/0y) (v,p %,p) term (the forcing from the

(0/0x) (uyp uspy), (0/y) (4ap Vsp),

etc. terms is much smaller) produces a forcing term of O(edu2) in the z-momentum
equation. By balancing this forcing with the ac, 0y,,/0t, term, we conclude that it
drives a three-dimensional wave component with a streamwise velocity of O(edu~2).
In order for the evolution of the three-dimensional waves to be affected by a
quadratic resonant interaction, we require that this nonlinearly generated velocity
smooths out the O(eac,) discontinuity in the outer solution, i.e. edu™2 ~ exc, (cf.
Hickernell, 1984 ; Goldstein & Lee, 1992). This balance yields

u~ 0%, (2.5)

We shall concentrate on the situation where there is energy feedback between the
two-dimensional and three-dimensional waves. Conventionally, the quadratic
interaction of the oblique waves affects the growth of the two-dimensional wave. In
the present case this interaction takes place inside the critical layers, and produces
a forcing of O(e*4~%) through the (0/0z)(uip), (0/0y) (#spvsp), and (0/02) (ugpwsp)
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terms. By balancing these terms with the ac, du,;/0t, term, we find that it produces
both a two-dimensional wave component and a mean-flow distortion, say u,, of
O(e*u~%). However, the two-dimensional wave component so generated does not
produce a velocity jump across the critical layer. As a result, the quadratic
interaction between the three-dimensional waves does not affect the growth of the
two-dimensional fundamental wave (see Goldstein & Lee 1992 and also §4 below).
The cubic interaction between the two-dimensional wave and the mean-flow
distortion through the (0/0y)(v,pu,) term, generates a forcing of O(e*du™?).
Balancing this forcing with the ac; 0u,p/0t, term, we find that it drives an O(e?0u %)
two-dimensional wave component. We find that this two-dimensional wave
component contributes a velocity jump of the same order (see §4). Moreover, the
cubic interaction will affect the two-dimensional wave when this jump matches the
O(dac;) ~ O(6p) discontinuity of the outer solution for the two-dimensional wave.
Thus we require €?6u~5 ~ 8u, i.e.

p~ O). (2.6)
Hence from (2.5) we have that
8 ~ O(éh). (2.7)

Equations (2.6) and (2.7) fix the underlying scaling for our analysis. Note that the
magnitude of the three-dimensional waves is required to exceed that of the two-
dimensional wave. This is as found by Goldstein & Lee (1992) and Mankbadi (1992),
but it is in contrast to much previous work on three-dimensional instability where it
is generally assumed that the magnitude of three-dimensional waves does not exceed
that of two-dimensional wave. However, a point in favour of the present scaling is
the fact that for Stokes layers it has not yet been possible to identify a dominant two-
dimensional instability stage by significantly reducing the background disturbance
and introducing an artificial controlled two-dimensional disturbance.

With the scaling fixed as above, it follows that we should concentrate on times
close to L

T = Ty+ €7y, (2.8)

namely the time at which the linear growth rate, according to a Taylor expansion,
ac, = ac(Ty) + edac (1)1, + ..., is reduced to O(e}). It is at this stage that nonlinearity
begins to affect the evolution of our flow. We note that the disturbance evolves over
timescale t,, while the linear growth rate and the basic flow depend parametrically
on the slow, and very slow, timescales 7, and 7 respectively. Since the basic flow U
changes only on the very slow timescale 7, it is sufficient to expand its profile at 7 in
a Taylor series about 7,:

Oy, ) = Oy, 1) + 68U (4, 74) Ty + ...

Hereafter, all basic flow quantities will be evaluated at 7, unless otherwise
mentioned. For convenience, we rewrite the nonlinear evolution timescale ¢, in the

form .
t, = 1e. (2.9)

The evolution picture is summarized in figure 2 for the case when the evolution
becomes nonlinear near the right-hand branch of curve A figure 1 (our analysis is also
valid near the left-hand branch). As illustrated, we assume that the disturbances are
initially described by linear theory and grow exponentially. Then as the neutral time
7, is approached, the growth rates become small, and linear critical layers emerge. As
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Ficure 2. Evolution stages and critical-layer structures. The disturbances initially grow
exponentially according to linear theory. As they approach the neutral time 7,, the growth rates
become small, and linear critical layers emerge. As the growth rates decrease further to O(e3),
nonlinear interactions inside the critical layers control the overall development of the disturbance.
The earlier linear and the subsequent nonlinear evolution stages are required to match in the
overlapping domain.

the growth rate decreases further to O(ef), i.e. at times 7, = O(1), nonlinear
interactions take place and control the overall development of the disturbance. The
earlier linear and the subsequent nonlinear solutions are required to match in a
mutual domain of overlap.

We close this section by listing the assumptions of our study.

(i) The Reynolds number is assumed to be large throughout so that the
disturbances evolve on a much faster timescale than that of the basic flow. Such an
assumption is crucial for self-consistency of the quasi-steady theory.

(ii) The disturbances are assumed to have sufficiently small amplitudes so that
linear theory provides a valid description initially. Nonlinearity asserts itself when
the linear growth rates become small. This means that we shall effectively consider
nonlinear effects on slowly modulated neutral modes. One may well have reason to
argue that the nonlinear evolution of disturbances with an order-one growth rate
would be more realistic. However, this can only occur when the disturbances have an
order-one magnitude as well; a fully nonlinear theory then seems necessary. Indeed
if it is assumed that the disturbances have a small magnitude but order-one growth
rate, one then meets an inherent difficulty in pursuing a self-consistent treatment
{e.g. see Craik 1985, p. 193). Thus for consistency, almost all nonlinear theories have
to concentrate on nearly neutral modes of small amplitude. Nevertheless, in the
present study the nonlinear evolution still occurs over a much faster timescale than
that of the basic flow.

(iii) The linear growth rate is assumed to be a leading-order effect in the critical
layers. The singularity at the critical layers is then removed by this unsteady effect.
For simplicity, we assume that the Reynolds number is large enough, i.e.

R>» ¢!

so that viscosity does not play a leading role in the critical layers.
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(iv) In order for there to be an energy feedback mechanism between the planar
and oblique waves, their magnitudes are assumed to satisfy relation (2.7). For
simplicity we also assume that the oblique modes have equal amplitude, although an
obvious, if algebraically messy, extension would be to relax this restriction.

(v) We assume that the disturbance is modulated neither in the spanwise nor in
the streamwise direction. An obvious extension would be to examine such
wavepackets.

Despite these restrictions, we believe that our theoretical analysis yields at least
a partial explanation of the transition features of Stokes layers and other shear
layers.

3. Outer expansions
3.1. Outer expansions and solutions

Outside the critical layers, the unsteady ﬂow is basically linear and is governed, to
the required order of approximation, i.e. O(é}), by the following equations:

ou v ow
a+a_y+$‘°’ (3.1)
2R- 1 U—+ U _ _E‘)_p, (3.2)
oy ox
v dv_ 9
1
2R~ P +U0— P '’ (3.3)
LW S0w _ Op
2R™! 61 +U w (3.4)
By eliminating the pressure terms, we obtain
_ v ow\ oUow
(2R Fra +U5, )(Ez-_ ay) y ox =0 (3.5)
0,0 ~ Qv
-1__ — 25— — = .
and (2R 61+ Uax)V v—-U,, % 0. (3.6)

With the multiple timescales introduced in §2, the time derivative d/dr should be

interpreted as follows
E %Re’—+ | g +_a_
or E‘)‘r1 01y

(3.7)

The velocity (u,v,w) and the pressure p of the disturbances are expanded as
follows:

u=eu1+e§u2+e§u3+..., (3.8)
v=evl+e“!v2+egfva+..., (3.9)
w = ew, +etw, + ey + ..., (3.10)
p=ep, +ep,+6ep,+.... (3.11)

The presence of the two-dimensional disturbance requires that the expansions must
be taken to one order higher than is necessary for a pair of oblique waves (Wu 1991 ;
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Goldstein & Choi 1989; Wu et al.1992). However, we shall see that the analysis at the
first two orders are the same.
The earlier linear solution suggests that », can be written as

v, = A(t,,7,,7,) Ty (y, To) cos fzE + c.c., (3.12)

where A(t,) is the amplitude of the three-dimensional waves, and ¥ is defined by (2.2)
and (2.3), provided that 7 in (2.3) is replaced by 7, (recall that the analysis is only
valid in the vicinity of a ‘neutral’ time). Here the dependence on 7, is due to the time
variation of the basic flow, while the dependence of 4 on 7, is due to the time
variation of the linear growth rate. Because both 7, and 7, appear only as parameters
to the order that we work, they will not be written out explicitly hereafter.

The function 7, satisfies Rayleigh’s equation:

(U—c)(D*-&*v,—- 0,0, =0, (3.13)
where we have written
a= (a2 +f).

The boundary conditions are that #, vanishes both at wall and at infinity. For
definiteness we will concentrate on times 7, on the right-hand side of curve A. In this
case there exist two critical levels, neither of which is at an inflexion point. The jump
in Reynolds stress across each critical layer is non-zero, although the sum of the
jumps is zero.

Let n = y—y., where ¢/ is the jth critical level; then as 7 > + 0, 7, has the following
asymptotic solution:

7 ~ af @o+bf [y, +p; P, loglyl], (3.14)
where $o=n+ip;n*+... and @, =1+gn*+....

The function v, has the form

vy = T,y(y, t,) cos fzE + B(t,) d,(y) B2+ v D(y,t,) cos fz+c.c.+..., (3.15)

where B, E? is a two-dimensional wave with scaled amplitude B(t,), and 7, is the
deviation of the eigenfunction of the three-dimensional waves from the neutral state.
The function ¢, satisfies Rayleigh’s equation, and we have assumed that 2a = &;
thus

b, =7, (3.16)

As for a pair of oblique waves (Wu 1991), 7, satisfies the inhomogeneous Rayleigh
equation:

U d4 _ U ial,, 1,4
2_ (721 2wy Vi = (141 22 “uy yyr T 7
[D (a + [7—0)]02 (i) {[ i, (1aU,‘rl)A](U_c)2+ Us }vl.

(3.17)
The asymptotic form of 7, is

7, ~ —bitr;log|yl+ (af r,+bf s))gloglyl+ ... +ci ¢, +diE[d, +p, b, logyl],
(3.18)
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where P = g_ﬂ, g = %&2+lgm—g_2ﬂ, (3.19)
7, 20, U
U d4
= S yyy
ry = (i) 0 [ a, (1aLU,11)A}, (3.20)
8 = (iat) 1{(—mUW‘TlA)g-‘-v‘u‘l'(laTlA)gl;ﬂ'f‘(——— 1aU111A)MH}

v Uy b y

(3.21)

All basic flow quantltles are evaluated at time 7, and at the critical level /..
At O(&b), it is sufficient to solve for the deviation of the two-dimensional wave
eigenfunction from its neutral state; for this purpose we write

T, = Pg(y,t,) B2+ c.c.+.. (3.22)

The function @, satisfies an mhomogeneous Raylelgh equation similar to that for 7,
namely

2 22+ -1 dB - U %2iall ]
[D —(a )]¢s (2ix) {[_d_tl—(zlaUTTl)B]((?_yz)z‘F 1an }¢2

(3.23)

The asymptotic behaviour of ¢, as 7—> +0 is
¢y ~ —bj R;loglyl+(af R, +bf 8))nloglyl+ ...+ Cf ¢, +Df [, +p; . log ],

(3.24)
.40 dB .. -
where R, = (2ia) 1——U”;214|:—aa—(2laU,Tl)B:|, (3.25)
8; = (2ia)‘1{(—2ia(7y,11B)g_ﬂ+(2ia11B)glL’+( _4B_ .0 T B)__LUu Uy~ Uy :
o A N T o
(3.26)

Note that Cf and Df are generally different from cf and df respectively, since the
right-hand side of (3.17) differs from that of (3.23). The jumps (aj —a;) etc. will be
determined by analysing the critical layers.

According to the continuity equation, we can write w, = A(¢,)®,(y)E sin fz+c.c.;
then i, satisfies

om, (7" _

Oy to " Ao,
the solution of which is @, = & 'sin0[U,/(U—c)5,—7, ,], (3.27)
where sinf = g/a = 3v/3.

The velocity u, takes the form
u, = A(t,) %,(y) E cos fz+a{" ¥ (y,t,) cos 22+ c.c.,
where %, can be obtained from the continuity equation:
#, = —(ia)™Y[0,/(O—c)5,—7, ,]sin*6+7, }. (3.28)

Note that as in Goldstein & Choi (1989), a spanwise-dependent mean-flow component
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#{" ¥ (y,t,) cos 2z has to be included in order to match with the inner solution. As will
be shown later, this is driven by the slip velocity generated by nonlinear interactions
inside the critical layers. In turn it drives a longitudinal vortex in the main part of
the flow.

Similarly p, = A(t,) P, E cos fz+c.c., and

P, = i& *cos (U, v, —(U—c) 7, ,]. (3.29)
As y— 4., the asymptotic behaviour of 7, %,,®, can be shown to be
By~ i@ UycosObf +..., @ ~ —(ia)'sin®6bfy~'+..., @, ~a ‘sinfbfyt+....

It is worth noting that the singularity in #, is a simple pole, rather than the
logarithmic branch point which is characteristic of the two-dimensional case. It is
this difference that results in the faster nonlinear evolution timescale in the three-
dimensional case. For free shear layers, Goldstein & Choi (1989) have shown that
because of this pole type of singularity, the ecritical-layer dynamics of two-
dimensional and three-dimensional disturbances are significantly different. In the
former case the dynamics is strongly nonlinear (e.g. see Goldstein & Leib 1988), while
in the latter case it is weakly nonlinear. Craik (1971) pointed out that this pole was
the reason why the quadratic interaction coefficients for the oblique waves were
O(R).

At the next order in the pressure perturbation, we only need to solve for the two-
dimensional wave component; therefore we write

P, =B(t,) P(y) E*+c.c.+.... (3.30)
It is found that
]_)2 = %ia_l[Uy ¢2_ (U'—C)¢2’ y]v (331)
and that as y >y,
Py~ %ia‘lﬁy bf+.... (3.32)

We now introduce an inner variable:

Y =g/ (3.33)
The outer expansions written in terms of the inner variable are as follows:
v ~ ebf AE cos fz+ eflog €5(— bfr;+bitp; AY)E cos S+ {[(— bfrlog|Y|+dj)
+A4(af Y +bit Ylog|Y1)] E cos fz+ b BE*} + et log c-:%{[(ajirj +bis;+dip,)Y
+34p, bt Y*1 E cos fz+ (—biR;+ bfp, BY) E%}
+e{[cEY + (afr;+ bits, +dip,) Y log| Y| E cos 2+ [(—bj R, log |Y] + D)
+B(ajf Y +bj Ylog Y1) B%} +ellog ei{[(af R+ bt 8, + Df p)) Y
+3Bp; b Y E* 4 ...} +e§{[Cji Y+ (afR;+bitS,+Dit p,)Ylog Y] E%}

+ce.+..., (3.34)

u ~ e¥(—ia)!sin? 0Abf Y 'E cos fz+c.c.+ ..., (3.35)

w ~ eld-tsin ObfAY'E cos fz+c.c.+ ..., (3.36)

p ~ €ia"1U, cos QAbFE cos fz+ ellia U, b BE*+c.c. + ... (3.37)
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3.2. Solvability conditions

Multiplying both sides of (3.17) by 7,, integrating from 0 to + 00, and using the
asymptotic solutions (3.14) and (3.18), we obtain the solvability condition for (3.17):

d4
T —+J,1,4 = ——Z{ (b ¢f — by c;)—r,(bf af —b; a7)

ia™tJ

—p;(bf df —b; d;)— (af df —a; d;)}, (3.38)

where the sum is over all critical layers, and J, and J, are constants defined by

+00 U_V
J1=L (T_Z’(ﬁﬁ?dy, (3.39)
r 0,0 0,
e [ 340

Note that these integrals are singular and should be interpreted in the sense of
Hadamard (see §4).
By the same procedure, the solvability condition for (3.23) is derived as follows:

i20) ", B 4y, B = — = BAG70F b7 )~ Ry(¥} of ~bj af)

ldt,

Equations (3.38) and (3.41) are crucial in deriving the amplitude equations. The
jumps (af —a;) ete. will be determined by analysing the critical layers. It is
important to note that the left-hand sides of (3.38) and (3.41) are linear and that
nonlinear terms come from the critical layers through these jumps. Thus in the
analysis of the critical layers, it is sufficient to concentrate only on the solutions
contributing to these jumps. Since we find that the solution driven by the quadratic
interaction of the three-dimensional waves does not contribute to any jump, the
quadratic term involving the three-dimensional amplitude will not appear in the
amplitude equation of the two-dimensional wave. The reader who is not especially
concerned with the rather messy algebraic details within the critical layers can omit
the following section at a first reading.

4. Inner expansion

Expressions (3.34)—(3.37) suggest that the inner expansions within the jth critical
layer take the form:

u=eU,+6U,+eU, +U, +..., (4.1)
v = eV, +elV,+ eV, + ¥, +..., (4.2)
w = W, + W, + W, + W, + ..., (4.3)
p=eP,+elP+eP+..., (4.4)

where the O(¢” log et) terms are not written out explicitly since they match onto the
outer solutions automatically whenever the solutions at O(¢®) match with their
corresponding outer expansions.

We shall see that the solutions at the first two orders are available from the
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analysis for a pair of oblique waves (Goldstein & Choi 1989; Wu 1991), but with some
modification due to the presence of the two-dimensional disturbance.
The function V, satisfies the equation

L, 0%V, /oY% =0, 4.5)
where L, =9/0t,+(U,Y+U,1,)0/0x.
The solution
V, = A(t,) E cos fz+c.c. (4.7)
matches with the outer solution if 4(t,) = b, A(t;), and bj = b] = b,, i.e. if the jump

(b —by) is zero.
Expansion of the y-momentum equation gives

0P, /0Y =0, (4.8)
and so P, = i@ U, cos 04 cos fz+ c.c.
The function W, satisfies the equation
L, W, = —0P,/0z. (4.9)
Let W, = W,(Y,t,) Esin fz+c.c., then W, satisfies
LOW, = i0,sin 6 cos 64,
where L = o/0t, +nia(U, Y + T, 1,).
The solution that matches with the outer solution is
W, = iU, sin 6 cos 6 W,

where we have put
N +00 “ . _ _
W = f A, —He %, @ =a(0,Y+0,7,) (4.10)
0

Similarly, we write U, = ﬁl(Y, t,) E cos fz+c.c., and then
U, = —U,sin?6W.
At O(el), we write the pressure as
P, = P&OYY, t,) B>+ PV E cos fz+ c.c.,
where P® 9 satisfies
P9 /0Y = 0. (4.11)

The solution that matches with the outer expansion is

B0 = 44710, B. (4.12)

The three-dimensional pressure component P{? is not needed in the following
analysis.
The velocity ¥, satisfies

0
LiVvyr =1, Vf*ﬁ[

98y, aSal]
o + %2 | (4.13)
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_ _ _ o? ~ 0
where L,=-40,Y+U0,nY+iU, 1) —5 % E)Y2 +U, w3y (4.14)
and S, = @_{_OU V+E)U W, SSI=6U1W E)VW+E)Wf_

Ox oY 0z Ox oY 0z

Furthermore, the Reynolds stresses §,, and §,, can be expressed as

81 = 8% 2+85 2 cos 282+ 8E VE*+ SE PE? cos 282+ c.c., (4.15)
8y = S ? cos 22+ 8% PE? cos 26z + c.c. (4.16)
After some calculation, it can be shown that
8% 9 = Lal?sin? 04 *W, (4.17)
8?2 = Lial? sin? 04 * W, (4.18)
829 = 1ial?sin? AW +2sin? WO WD), (4.19)
82 = Lal?sin® 0AW, (4.20)
89D = 1807 cos? O[A*WP + 2sin? OWPO W@, (4.21)
S 2 = 1802 cos? OAW. (4.22)

Inspecting the right-hand side of (4.13), and using (4.15) and (4.16), we conclude that
¥, has the solution of the following form

V, = V®E cos fz+ V® ? cos 2Bz + V& OE? +c.c. (4.23)

The three-dimensional fundamental component V{V is driven by the linear forcing
term only, i.e. L,y = iaUW/f , which is exactly the same as in the two-dimensional
case studied by Wu (1991). By the same procedure, we obtain the following jump
conditions:

af —a; = wip,b;sgn(U,), (4.24)
dj —d; = —mir;b,;sgn (U,). (4.25)
Substituting (4.17)—(4.22) into (4.13), we find that
(0/3¢t,) VP2, = —iSPsin? [ A*WP +4sin® OWFOWY], (4.26)
L VEY, = iPsin? AW +4sin? WO W), (4.27)
where we have put
8 =al,. (4.28)

The solutions are found to be

"+ 00 +00 n .
Vo, = —if® sinzﬂf dgf dné(£+4sin®On) A*(¢, —9) A(t,—n—§E) e, (4.29)
0 0

+a0 +a0
gy = iStsinto [ ag [ anie+ asint €+ mim A~ Aty — - e,
[1] [1]

(4.30)

In writing Vé"}’y in the compact form (4.29), we have omitted a purely imaginary
part; from (4.23) this does not alter the physical velocity. A similar procedure will
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be followed on simplifying the solution for W'®? later on. Integrating V{2, once
with respect to Y yields

+00 + o0
Va%s9>=—szsinzaf dgf do [£2 +4 sin® 6(E+7)7] (E+27) 7" [e79E D — 1)
0 0

x A(ty =) A, —y— 76, (4.31)
where we have put
Q=al0,Y, 0=0al,r1,, (4.32)

and an integration constant (or more precisely a function of ¢,) is taken to be zero by
matching with the corresponding outer solution.

Instead of integrating V¥ to get V(*®, we obtain it from the z-momentum
equation together with the contmulty equation in the following way. The continuity
equation is

2ial 9+ V2P =0, (4.33)
and the z-momentum equation is
L@ U O+ 7, VEO = —(2ia) P20 — 820, (4.34)

The first term of the right-hand side, which is absent in the case of a pair of oblique
waves (Goldstein & Choi 1989; Wu 1991), is the pressure related to the two-
dimensional wave, and the second term is the forcing from the nonlinear interaction.
From the above two equations we obtain

PE0 = B_LSILOVEY — U155, (4.35)
It transpires that the above expression for V{»® is helpful in evaluating the

asymptotic behaviour of related solutions at higher order.
The function W, satisfies the following equation:

L, W, = — 0P, /02— Fy(Y)0W,/dx—S,,, (4.36)
where FY)=34-0,YV+0,7,Y+iU, %
The velocity W, has the form
W, = WPE sin fz+ W ? sin 28z + W PE?sin 282+ c.c., (4.37)

. where W is the component driven by linear forcing through the first two terms on
the right-hand side of (4.36); it does not need to be worked out because it does not
contribute to the jumps. The solutions forced by the nonlinear interaction are W{®?
and W, which satisfy the following equations respectively:

(3/0t,) W§°' D= _gOD (4.38)
igz) Wgz. D= 82, (4.39)

The solutions are
'+ 00 +00 “ »
Wp» = 13 sinzef de f A (E-+4sin® 6y) A*(t, — 1) Aty — 7 — ) 2%,
1} 1}
(4.40)
WEd = —1 lgzsmzﬁf dgf dp EA(t, —n) A(t,—n—E) e € (4.41)
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Hence from the continuity equation V{2 +24W®? = 0, we have that
V0P = §2sin? ef dgf dy(E+4sin? Oy) A*(t,—n) A(t,—n—E) e 1%, (4.42)
0 0
Integration with respect to Y then yields
“ _ +00 +o0
V% = iSsin? 0J dgf dyf Y (E+4sinOy) [e7 1% —1]
0 0

A*(t,—) A(t,—y—E) e T+ VOD(0,8,).  (4.43)
Note that as Q> + 00, i.e. Y + 00 (see (4.32)), '

+ 00
(V92 yc.c.) ~ £4Ssint an 7|4 (t;—7)|* dy + [order-one ‘no-jump’ terms]+o(1).
0

We conclude that a vortex component must be included in the O(él) outer expansion
of v so that it matches to V{2,

The function U, satisfies

oW, U, a8

- oW,
LoUsy = =Uy i+ R(V) 2 - Fy(Y) 3= 734+ U, 32

oxdY oY v oz
where FY)=0,,Y+Uy,1,
The solution has the form

U, = UPE cos fz+ 0P 0 + U cos 26z + U OB + UE P E? cos 22+ c.c. (4.45)

Again only the second harmonic and the mean-flow distortion induced by
nonlinearity need to be calculated. From the continuity equation, we obtain

D@0 = — Q@ia) PR, D@D = ifaWED,
The terms representing the mean-flow distortion satisfy the following equations:
(©/0t) U@ = —3a'Ssin® 64 W, (4.46)
(0/0t,) U = — (3/0Y) 8% ? + 240, W 2. (4.47)

The solutions are

+o0 '+
009 = —JriPsint j dgf dngid*(t,—) At —n—Be®,  (448)

U‘z"}’——-a“g"mnzﬁf dEf d7[£? +2£n + 4 sin®Gp*] A*(t, — ) A(t, — 9 — §) e,

Integration once with respect to ¥ yields (4.49)
~ 4o 4o
U = —jia™'8 sin*ﬁf E-1[£2 + 267 + 4 5in® O] [e™% — 1]
(1} 1]

XA*(tl nA ( —n—§) _‘uédgd’)]-f'Uw 2(0,4,). (4.50)

As Y- i' 00, v +

(0P +e.0) ~ Fdia*Ssint 01tf 1At —7)dy
0

+{order-one ‘no-jump’ terms}+o(1),

19 FLM 245
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which is in fact the streamwise slip velocity generated by the nonlinear interaction
inside the critical layers, to which the outer expansion of « has to match. This is the
reason why the leading-order outer expansion of u should contain a spanwise-
dependent mean-flow. Note that this mean-flow is strong in the sense that it has the
same magnitude as the three-dimensional waves. We will show that the interaction
of the fundamental three-dimensional waves with this mean flow affects the
evolution of the waves. The significance of mean-flow/wave interactions has been
studied extensively, e.g. see Benney (1984), Hall & Smith (1989, 1990, 1991), Smith
& Walton (1990). In particular, Hall & Smith (1991) have shown that the nonlinear
interaction of small-amplitude waves may produce an order-one mean-flow
distortion, thus completely altering the mean-flow profile from its original laminar
state. Compared with the present study, their critical layers are predominantly
steady and viscous. This is because their nonlinear evolution timescale is much
slower, with the result that only very small-amplitude waves are needed to generate
a strong vortex flow (see Wu et al. 1992 for a further discussion of this point).
We first seek a solution for V,; this is found to satisfy the following equation:

LyVovy =L+ Ly it o ¢ [asm+aa 832], (4.51)

where L, is defined by (4.14),
3

L, = —[3U,,, *+0 "

yyr

nY+U0, 12Y+30, 13—

yTT

) 0 o2 o2
+10,,,Y+0,,.7 ]a—x o +U0,Y+U,r )ax satas| (452

and the Reynolds stresses §,, and §,, are given by
81, = (0/02)(2U, Up) + (0/3Y)(U, V, + U, W) + (8/22)(U, Wo + U, Wy), (4.53)
Spe = (0/02)(U, W+ U, Wy) + (3/0Y)(Wy Vo + Wy V) +(0/02) W W), (4.54)

The Reynolds stresses contain different components, among which only those
proportional to E cos fz and E® cos fz will be needed later. Therefore we write

S, =SLY Ecos fz+ 8%V E2cos fz+c.c.+ ..., (4.55)
Sy, = S VE sin fz+ SE VE3sin fz+c.c.+ ... (4.56)
After some calculation, we have

S(112 )] =A‘(j*(o,0)+éA‘(j*(o,2) /)»W 0*(0,0)+1(j 17*(0, 2)
+[Bial, U@ +10, , V¥ [T , VRO —L0*VED], (4.57)
Sigh = U‘z?y9’+§AUé?y2’—3ﬂU1 WED+[U0, y VEO—30,VEP],  (4.58)

S35 = BAWEY» + i, D300 o1, W300]

+ [~ LaW, UFOD LW, , VEOD) L [LIW* V@O + W , V&0 (4.59)
S D = LAWED — B, WD — 3, P9+ 1, y D@0, (4.60)

Inspecting the right-hand side of (4.51) together with (4.55) and (4.56), we find
that V; has the form

V, = V,E cos fz+ V,E®cos fz+ VEOE* +c.c. +..., (4.61)
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where the component proportional to E cos 3§z has been omitted since it will not be
used in deriving the evolution equations. However, to derive the amplitude equation
for the two-dimensional wave, we need to solve for two more components, namely,
V,E®cos fz and V@ ® E2, Thus we write the derivatives of the Reynolds stresses as
follows

(0/02) 8,5+ (0/02) 8,4, = ME cos fiz+ ME® cos fz+ M= E? +-c.c.+....

It is noted that the relevant part of the linear forcing term, i.e. (L, ¥, + L, 1}), is the
same as FO(Y,¢,) E in the two-dimensional case (Wu 1991). So the solution (denoted
here by V{’E) driven by it has the following asymptotic behaviour as ¥ > + oo,

Vf,"’y ~ (ajp;+2q;b;+3pib) Y + (af r;+ p; df + 5;b;) log | Y]
+{xnisgn (U )af r,+p,df +8,b)+...}. (4.62)

We now write

M=M+M,+M,+M,,
where M, =iadU 0 + 5o U3¢ + LBAWEE?, (4.63)
M, =ial, , VE®» 2420, U0, (4.64)
M, = 2iaUt , V&, (4.65)

M, = iadUL 9 + 5adUL? +3pAWER +iad*UE
+10A*0E D L LRA*WE? +ial, o V2 —2a20, ULD.
The nonlinear forcing terms are deliberately split as above in order to aid the

calculation of the solutions and their asymptotic behaviour. The solutions of (4.51)
driven by M, , are denoted by V{ (j = 0,1,2,3) respectively, i.e.

LOVPyy =M,y (j=0,1,2,3); (4.66)
while V= PO+ VO 4+ V@ 4 7O 4 VO,

We find that V{® makes no contribution to the jumps, and so matching
Vy v = (VPy + Vi, + V@, + V®,) with the outer solution will yield the jump (¢ —c;)
— see (4.79). .
We now solve for V¥, (j = 1,2,3). It can be shown that
+00 4o 4+
V(1 py = 35% smzﬁf j KM, )

A, -4 ( =) x A*(,—E—n—{)e 6 0dEdy AL, (4.67)

where KM(E,9) = 288 + E2n+ 2sin? 6(£2n + En?). (4.68)

Integrating with respect to ¥ from — oo to + oo, we obtain the jump

V{0 (+ 00)— PPy (— o0)

= 8%, smzefw w]?gn(g,q)A”(tl—g)A(tl—q—g)A*(tl—zg—q)dgdq, (4.69)

where we have put
Jo = mS| . (4.70)

19-2
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The solution driven by M, , needs more effort. After some algebraic manipulation,
we find

a%;fz = 8'sin'f fm fm - EE + EL+2En+4sin 0(n + O] [(§—£) e719€D — g 714K
0 0 0

x A(t = §) Aty —7) A*(t, —n— ) e™°E 0 dg dy d¢.
The solution induced by it can be expressed as
V@, = S*sin*6J, (4.71)

where J, and the necessary algebraic manipulations to obtain the jump of Vg%@, are
given in Appendix A. Using (A 2), (A7), (4.71) and (A 1), we find that

V@Py(+ 00)— VPy(— )
— §j, sin® GJM me;”(g, At — B Aty —n— &) A%t — 26 —m)dEdy, (4.72)
0 0

where EP(E,7) = —4E%(E+7) + 4sin? ] — 36— £ — E?). (4.73)

The forcing M, , is the Reynolds stress generated by the interaction between the
three-dimensional fundamental and the two-dimensional wave component. Using
(4.35) we can show that

M, /0Y = 2iaBU% 4y +aS 0% ,, LRVEY + 2ial; o, VEQ —2ial; UF 4 SEO.

(4.74)
We find that the solution for V{,y, is
Py = i [ a2 BO D2 1 0
—a
+a 0Ly PP =200l [ 0Tt (5300
-

For brevity, we write V% as

V®yp = 2188 sin? OIP +3%sin* 61, + §* sin 01, + 25*sin® 61, (4.75)

where the expressions for I{”, I,, I, and I,, and the necessary analysis to obtain the
jump of V¥, are given in Appendix B. Using (B 2), (B 3), (B 4), (B 5) and (4.75), we
obtain the jump condition

V(4 00) = Vidy(— c0) = 4iS%y sin’ HJ E2A*(t, —28) B(t, —£)dE
0

+oo (oo n . .
+S_4j0sin40f KPEm) A(t,—£) A(t,—n—E) A*(t,—26—n)dEdy, (4.76)
0 0
where K®(&,9) = 26 +4sin? 0[28°). (4.77)

From matching 173 y to the outer expansion, we find that

i —¢; =V p(+0) =V, y(— ), (4.78)
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and so using (4.62), (4.69), (4.72) and (4.76), we have that
¢f —c; = misgn (U,)a]r;+p,d} +s,b;)

]
+0 [+o0 “ N .
+n|S*l3sin20J f K&, ) Alts—£) A(t,— E— ) A*(t,— 26 —7) dE dy
0 0

+ 47iS? sin? orw 2A*t, —2£) B(t,—£) dE, (4.79)
0

where K(,9) = (2683 + &%) — 2 sin? (26 — £9%) — 4 sin? H(E2y + £92). (4.80)

It is noted that (af —a;) and (dj —d;) correspond to the classic +m phase shift in
the outer expansion, while (cj —c¢;) is modified by nonlinearity. As will be shown
below, this has a significant effect on the evolution of the disturbance.

So far the jumps obtained are sufficient to derive the amplitude equation for the
oblique waves. To derive the amplitude equation for the planar wave, we need to seek
the jumps (Df —Dj) and (Cf —Cy). The jump (Dj —Dj) can be obtained by solving
for V(&0 (see 4. 61)) this satisfies the equation

f‘(()z)ﬁgz.lg)y = I‘éz);?éz,o) +ﬂ(}?'°), (4.81)
where M@0 = 20, UL 4 (0/0Y) [AU, VO +140P1.

Substitution of (4.35) into (4.81) yields
LPVEY, = LOB—2iaFy(Y)V, yy +2ial,,[ i85 LPVEY — U8, ]+ M$ 0.
(4.82)

The last three terms of the right-hand side are produced by the interaction between
the oblique waves. After a tedious calculation it is found that the solution driven by
them makes no contribution to the jump (4.83). The first forcing term is analogous
to that in the two-dimensional case, and the solution driven by it therefore produces
equivalent jumps (Wu 1991), namely

af —ay = nip,b,;sgn(U,), Dj—Dj = —mniR,b,;sgn(U,). (4.83)

Note that the first jump simply confirms the result obtained already.

The remaining jump condition to be determined is (C; —C7). This is given by the
solution at the next order, i.e. V, (see (4.2)). To solve for V., we need to know the
harmonic components ¥, and W,. Before proceeding to seek solutions for them, we
first simplify V; yy. Here we note that as far as deriving the amplitude equation for
the two-dimensional wave is concerned, we need to concentrate only on VPpy
(j = 1,2,3,) (see (4.66)); we need to consider V", and V™, ; no further because they
do not affect (C; —C7).

By means of the transformation (9 —¢{) — 5, we write the integral J, (see (A 1)) as
follows

J, = f+oo J Jm J+°°[3§2—£“+21;§—2g(7,+§)_4sin20(ﬂ 10 (g+20)] e-9G9
0 0 0
x A, —v—8 A(t,—v—¢—n) A*(t,—v—{—n—E)dEdpdLdy
f fw f+wf+w [(7+ )2 — B2+ 28(n + £) — 2EL — 4 sin? OY(n + 2L)] e~ 10w +5+v—D

0

~

x A(t,—v—8) A(t, —v—E—n) A*(t,—v—{—E£) dEdy dLdv,
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where additional transformations 4 —# and ({+7%)—{ have been made in the
second integral so that the integration ranges of both integrals are the same. We also
perform the transformation (§—#)— £ to obtain

J,= fm fm fm fm (62 +4(7— E){— 2£(2E +7) — 4 sind By + 20)7] €9 ++-D
:Au:—vo—g)}(tl—v—g—mA‘*(tl—v—c—n—g) dgdydgdv
7T e s —asinogg+ -+ 2y
><A”0(t1 —ou—g)A‘(:l—u—g—n—g)A‘*(t,—u—g—n)dgdndgdu.

The second integral can be dropped because it does not contribute to the required
jump. After performing the transformation (v+¢)— ¢, and integrating by parts, we
can reduce the first quartic integral to a triple integral

J,=J wf wj " (20 4+ 20y~ £) P 2626 + 1) L~ 4sint 03L + 290 +9°0)
0 0 0

X €700 A(r, —§) A(t, — {—m) A*(t, —§— 9~ §) g dndL.
Applying a similar procedure to I, and I,, we finally have that

I73, Yy = ﬁg’,’rr + 17f».[f)YY + 17f;t,)YY + I?gb,)YY +..., (4.84)

where V¢ y = 8tsin 01, = aS710¥ 4y, VED, (4.85)
PPpy = 45%sin® 6J, = 28*sin® OWR 1T, (4.86)

VP, y = 2i8®sin? 61, (4.87)

N _ +o0 f+oo f+o0 “
P =Ssinto [ [ [T Ryg g oo
0 0 0

x A(t,— & At,—§—m) A*(t,—{—n—E)dEdyd{dv, (4.88)
and
R (& 7,8) = $2(2E+7) +4sin? 038 + 1 — ) —(E + 2n)E +in(E+ )28 +7)]
+4sin? [ —C+ (E—n)F+ (E2+28n)¢]. (4.89)
The harmonic component ¥, satisfies the equation
LOV, yy =MP+HP + M. (4.90)

The expressions for MY (j =1,2,3), as well as the solution for 7, are given in
Appendix C.
We now seek the solution for W;. This term satisfies

oP, oW, oW,

LW, = —E—Fz(Y)E—Fa(Y)—a?—Su, (4.91)
where FY)=30,,YV+0,, 7Y +0,, 2Y+30, . 7.
We write

W, = W, E sin fz+ W, E®sin Sz +c.c.+..., (4.92)

where the components irrelevant to the generation of the two-dimensional
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fundamental at the next order have not been written out. It is clear from (4.91) that
W, should include solutions driven by first three terms on the right-hand side of
(4 91). However, these solutions do not contribute to the jump (C; —Cy). So we shall
only solve for the solutions driven by —8,,, i.e. it is sufficient to solve for W, which
satisfies

LOW, = —SEV. (4.93)

Following a similar procedure to that for solving and simplifying ¥,, we have
W, =W+ WP+ WP+ WY, (4.94)
where W = %ig‘lW{ v 17;?',9), (4.95)
WH = —ip 18 sin® 6WP I, (4.96)
WP = — g 18%sin? 012, (4.97)

W = —igresinto [ [ [T R n. e
x At~ At —L—n) A*¢t,—{—n—E)dEdyds, (4.98)
Ky(£,m,0) = — 382 +sin® O[3 +pL—Iy(n+3E)] +sin* O] — (2 +9)C],  (4.99)

and the function I® is given by

1 = [ edre,—g-n B, mermroagay (4.100)
o Jo
The function W, satisfies the equation
LOW, = —8&V. (4.101)
After simplification, the solution can be written
W, = WP+ WO+ WY, (4.102)
where WP =48 W, , V&, WP = —p18sin? 010,

- +c0 f+ao f+oo
W:(ir) = — iﬂ‘lgs sin? 0J f Kw(g, 7, g) e iR(E+r2L+an
0 0 0

x A(t,—m) A(t,—p—8) A(t,—n—{—£)dEdndg, (4.103)
K(89,8) = 1E(E+28) +sin® 0§+ {)(n— ) —sin® O[39° + 2(E+ 20)7],  (4.104)
and the function I'¥) is defined by

I = J i EA(t,—E—n) B(t,—n) e19€+3D d£ dy. (4.105)
0 0
The streamwise velocity at O(eg)) takes the form
U, = U,E cos fz+ U, E®cos fz+c.c.+.... (4.108)
From the continuity equation it follows that
U, = — (i)"Y f,, v+ BW,), (4.107)
U, = —3ia) ™V, y+BW,). (4.108)
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For the purpose of deriving the amplitude equation, it is sufficient to seek only the
two-dimensional fundamental component in V, i.e.

V,=V&OE fce.+.... (4.109)
The function V{? satisfies the following equation:
L V(2 9, = LOVE O+ LOVE O 4 2ia 08% 9 /0Y + 4228329, (4.110)

where 8% ? and S& ® are the components proportional to E? in the Reynolds stresses
8,5 and §,, respectively, i.e.

_9 a )

Sy = (0/0x)V, U, + (9/0Y)Vi+ (0/32) W,
and 8,3 =8%YE*+cc.+..., S, =82YF+cec.+....

It is found that the solution driven by S does not contribute to the jump
(Cf —C5), and therefore S& ® will not be con51dered further.

We denote the solution driven by (L®V@ 0+ LEVEY) by VPE. Following a
similar procedure to that for the two-dimensional case (Wu 1991), we find

17(1) (+oo)—I7<’) (—oo)=‘n:isgn(ij)(a;'Rj+prj++bjS,)- (4.111)

The nonlinear driving term 2ix S{& ¥ /0Y is complicated, but after some calculation
we have

~

2182 /Y = —2ial V yt+ial, vy V,—diafl, W,
_4laﬂ 3, Y_31aU V; YY A(V; YYY+ﬂu/; vy)
31“U1 Y V; Y+1aUl vy Vs 3laﬂU1 /A
—4iapUY W; y—HaU? Va vrt 21“U2*,(2”19)V(22' 0
+[—4iapUFCOWED — BV OWEH ]
+[—2ia U0 OVE D, — 4ia UG D WED
—2BVEQIWED — GVEGLIWE D]+ .., (4.112)
where the dots are to remind the reader that we have ignored forcing terms that do
not contribute to the jump.
As already remarked, the V®py and V¥, terms in V, and the W and W terms
in W, etc., make the calculation of the asymptotic form of the forced solutlons

difficult. To overcome this difficulty, we notice that from the expansions of the z-
momentum and continuity equations

Vo = (10U, L (o, v+ BWe) — U, S5, (4.113)
Vy = (3ial,) L&V, y + W) — U, 283:0. (4.114)

Using the above relations and (4.35), we split 2iaS{} ) into four parts, i.e.
21a8Z P =N NOLNO LN, (4.115)

The expressions for N, etc. are given in Appendix D.¥}

T Appendix D is available on request from the author or the Editorial Office.
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We denote the solutions driven by N, N N® and N® by V{, V@, V¥ and VP
respectively; thus

Vi=VO+VO+VP+ VP 4+ TP, (4.116)
After integration by parts, we find that
Viyy = 30,10t vy [V, v+ BW,]+ U0, y¥Vs, v+ BW,]
=100,y Ut v)y VP + U U3QRVED. (4.117)
After further integration by parts, we conclude that
~ N . . +ow f+o (+o0 " .
V‘(ls,)Y(+w)_Vt(if)Y(_w) = 2iS551n4J0J f Ks(ga 7, g)A(tl_”)A(tl_ﬂ_g)
0 0 0
x A(ty—7—§—8) A*(t,— 39 —2¢—£) dg dndg
+o +oo N . N
vostsintes, [ [ 2t +0 0 +50 B9 At~ g-m) vt ~35—
0 0

+&(n+28) (29+38) B(t,— §—n) A(t, — §) A*(t,— 35— 27)}dn d¢, (4.118)

where

Ky(&:9,8) = 39" + BE+170) 9’ + (- ¥ - {EL+ ) »*
e T T Y

(- BEL- 0L 50— 1. (4.119)
After some manipulation, V{;, can be written as
VO, = i sin 6[J© + sin? 6(JO + J®) —sint 67D, (4.120)

where

JSI) — J+w f+°° f+°° f+w ,”gz(," + 2§+ 20)2g-1(e—m(1,+zg+zu—§) — e—lﬂ(q+2§+2u) ) e—lu‘;(q+2§+2u-—§)
0 0 0 [1}
x (b, —E—v) Aty — ) A(t,— 97— {—v) A*(t, —{— £) dE dpddv, (4.121)
ng) _ J+w J‘+oo f+°° f+°° ,”(€+ U)z(” + 2U)2g—1(e—1ﬂ(q+2u—§) . e—iﬂ(q+2u)) e—la(11+2u—§)
0 0 0 0
x A(t,—v) A (t,—{—v) A(t,— n—v) A*(t, — {—v—£) dEdpdedy, (4.122)
I = f N f - J h f - 1827+ v) (7 + )£} (71D _ g 12T+ gttty
0 0 0 0
x A(t,— &) A(t,—m) A(t, —n—v) A*t,— {—§) dEdpdLdv, (4.123)
4+ 4+ o 4o {+oo .
o= [T 77 reen coeasmiad —p—y
0 0 0 0 0

x Aty —p—v) A, —p—v— A%, —p—n—E)dEdpdEdvdy, (4.124)
and
K{®(E,7,8,v) = 3£ +2v) (2E+ 49+ {+2v)
+8in? 0 — 3§+ 29) (+ 28v+ 2v%) —Lw({+v) ({+2v)].  (4.125)
The factors (94 2§+ 2v) in JIV, and (7+2v) in J{® follow from our grouping of the
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forcing terms. The appearance of these factors makes the contributions from
different stationary points isolated and therefore resolves the difficulty in obtaining
the asymptotic forms of the related solutions.

After some manipulation, it is found that

17“1“)},( +00)— I}"fl‘,)Y( —o0) = 2iS®sin? 67, f""” qu +00Kt(§, 7,8 A\(tl—-n)
x A(t,~n— At —n—E—E A*(t,—39—20—£) dEdqdl, (4.126)
where
K,(£,7,0) = — 89" +11E—28)n° + &(97E2 + 243£C + 598)n?
+(FE+ R TEC + 50+ GEC +3EC +3E).  (4.127)

The solution for V{1, and the asymptote of V¥, as Y - + oo, are straightforward
to calculate; the final result is

PO, (+ 00) — PPy (— 00) = 28*sin? 6, f " fw (8¢ +sin® 6] — 24+ dnl + TE)])
Bt,— 9 Aty —L—n) A*(t,— 35— ) + {4+ (9 +208)

—sin? 0¢(n+ 28) 67+ 7B, — E—n) A(t,— §) A*(t,—3L—2n)} dyd.  (4.128)

The solution driven by N can be readily written out and there is no essential
difficulty in obtaining the asymptotes of V{?, as ¥ + 0. However, because the
solution consists of many terms, it needs a great deal of algebraic manipulation to
simplify it; part of this manipulation was done using the computer program
Mathematica. The final result is

PO (+00) — Py (— 00) = 2P sin? G, f " fw K, 0 Alt—m) At —1—0)
0 0 0
x A(t,—q—{—E) A*(t,— 39— 2{—£)dEdpds, (4.129)

where the kernel is given by
K, (&1,6) = ' +(— ¥+ 200 + (— 168" —REC+80°
o, 130~ 100+ 8+ HEE+BEL+2E). (4130)
To match IZ,,Y with the appropriate outer expansion, we require
Cf —C5 =V y(+ )=V, y(— ). (4.131)
Using (4.116), (4.111), (4.118), (4.126), (4.128) and (4.129), we have that
Cf—C; =mnisgn(U,) (ajR;+p, D +b;8;)
_ +o (oo ~ - ~
+asti [ [ eBe -0 At~ —m At -3t anag

0 0

]on ao§77+§ ) (n+28) B(t,—L—n) A(t,— ) A*(t,— 35— 2) dp d¢

_ +co f+oo [+ ~ -
+2i5® sin® 6j0f j K, (&9, A—nAlE—9—8)
0 0 0

x A(t,—n—¢—E) A*(t,—3p—2¢—£) dEdn dg, (4.132)
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where the kernel K, (£, 7, {) is

Kb(gﬁ 7, g) = Kr(g’ 7 O +K8(g’ 7, g) +Kz(g’ 7, g)
=—37'—4(E+20) v° — (B +EL+28") 9* + (B2 +BEL+4L") &y, (4.133)

5. Evolution equations for the amplitudes
5.1. Coupled amplitude equations

Substituting the jumps (4.24), (4.25) and (4.79) into (3.38), we obtain the following
amplitude equation for the oblique waves:

% =9 71A+911f uo524‘1*(t1_2g)B(t1—g) dg

+gmf°° " K& 1) At —E) A(ty— E—7) A*(t,— 2 —7) dEdy,  (5.1)
0 0

where we have written g, = f,/f, and ¢,,, = fi./f(k = 1,2). The constants f and f,
have the same expressions as for a single two- dlmensmnal wave (Wu 1991), i.e

f= la—l{Zﬂ:bjI:?/Ll lza,+ib,—LﬂuUU —U, +b;m gjﬂ]ul},

¥~y y
fo Z {21t1bj UzUzy U a —mb“ [l%_l Uytuj2 yr_( Y Uuw ] n2h2 _ﬂ_} Jz:
J Y Y

where the sum is over all critical layers (there are two in the Stokes layer under
consideration in this paper), and J, and J, are defined by (3.39) and (3.40)
respectively. The constants f,;, and f,, are

S = —3mia? Y b0b,2|U, %, (5.2)
i

Jiz = fena Zj] bjzlb1|2|l7y|3- (5.3)
The kernel K_(£,7) is given by

Ko (&, 1) = §(4£°+5En+37%). (5.4)
Similarly the amplitude equation for the two-dimensional wave is

+a0

dB 00
d_tl = 2g, 71B+921j EB(t,— ) A(t,—E—n) A*(t,—3E—n)dydg

0

+922L . S+ +28)B(t,—E—n) A(t,—§) A*(¢,—36—2y) dydS

+923f0 fo \ K& n,0)A,—n)Alt,—9—8)

X A(ty—y—E—E)A*(t,—37—2{—£)dEdyd¢, (5.5)
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where we have written g,, = 2f,,/f(k =1,2,3), the kernel K,(£,7,{) is defined by

(4.133), and o
f21 = _3na32b?|bj|2l(]yl ’ (56)
J
foo = —ima® 206,10, L, (5.7)
j
foo = — e SHB,AIT, (5.8)
7

Essentially the same amplitude equations have been obtained by Goldstein & Lee
(1992) in their study of resonant-triad waves in adverse-pressure-gradient boundary
layers. This is an interesting result, considering the apparent difference between the
two flows and the fact that the Rayleigh waves in their study have long wavelengths,
while in ours the modes have order-one wavelengths. The coefficients of the
amplitude equations in the two studies are somewhat different however. Owing to
their long-wavelength limit, Goldstein & Lee (1992) were able to give simple
expressions for the coefficients. In our study, the expressions for the coefficients are
more complicated, involving the basic-flow profile and the eigenfunction of the
Rayleigh equation. We believe that the expressions given in this paper are applicable
to many other flows, including flows where the critical layers occur at inflexion
points. Note that in Goldstein & Lee (1992), the coefficients of nonlinear terms are
purely imaginary. This is a consequence of the long-wavelimit approximation and
the fact that only one critical layer exists in their flow. In our formation there can
exist more than one critical layer with the result that the coefficients can be complex.
In addition, the linear growth rate of our oblique waves is half that of the planar
wave, rather than the four-fifths obtained by Goldstein & Lee (1992) for the case of
long waves.

Note that the first nonlinear term on the right-hand side of (5.1) represents the
resonant interaction between the two-dimensional and the three-dimensional waves,
and the second represents the self-interaction of the three-dimensional waves. The
three-dimensional waves affect the development of the two-dimensional wave
through the mutual cubic interaction with the two-dimensional wave, as well as
through the quartic self-interaction of the three-dimensional waves. This is very
different from conventional resonant-triad amplitude equations, where the three-
dimensional waves affect the two-dimensional wave through a quadratic interaction.
As pointed out by Goldstein & Lee (1992), the absence of quadratic feedback from
the three-dimensional waves is because the two-dimensional wave component
generated by the quadratic interaction between oblique waves causes no jump across
the critical layers and therefore does not appear in the amplitude equation. We
further note that this conclusion holds even when viscosity is retained at the leading
order of the critical-layer equations.

In order to evaluate the coefficients in (5.1) and (5.5), we need to solve the
Rayleigh equation. This is done for the Stokes layer by the same method as described
in Wu (1991). As there we concentrate on neutral modes on the right-hand branch
of curve A, although the analysis is equally valid near the left-hand branch (see §2).
The plot of (2g,) against the wavenumber is the same as in figure 3 of Wu (1991) and
Wu & Cowley (1992), provided « is replaced by 2a; the real part of g, is always
negative. The coefficients g,,, g,,, and g,; are plotted against the wavenumber «
in figures 3(a) and 3(b), while g,, and g,, are related to g,, by g,, = —759,;, and
922 = 39
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Fi1GURE 3. (a) The real parts and (b) the imaginary parts of the coefficients g,,, g,; and g,, in the
coupled amplitude equations (5.1) and (5.5).

In order to match to the earlier linear stage in an asymptotic sense, the amplitudes
4 and B should have the following asymptotic behaviour (see e.g. Goldstein & Leib

1989) A—->Aje%nth, B>Bje¥mh as t > —00. (5.9)

Thus the evolution of the resonant-triad waves is described by the above coupled
amplitude equations (5.1) and (5.5) together with the appropriate ‘initial’ conditions
(6.9).

As demonstrated in §2, in order for there to be a feedback mechanism, the
magnitude of the oblique waves is required to be larger than that of the planar wave.
To illustrate this point more clearly, we rescale the amplitude equations by
introducing the following variables

f= —71t,—t,, B=BeTs/(—1)),, 4d=A4eT4/A,
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where the real constants ¢,,, 7, T and A are chosen so that
e_iTB(—'rl)‘ll = B0 e ot 7IT4) = Aoe"gutm_

The rescaled amplitude equations and asymptotic conditions are as follows:

Y gt f " pAxi—20)Bi—£)de

+/\ogufoo K (&) AT AF—E—n) A*(E—2E—n)dEdy, (5.10)

+x f+o©

—29034-/\0921] EBE—A(E—E—n) AXE—-3L—7)dydl

0 0

dB —
a5 _
+Aogmf°° L+ O+ 20 Bli—{— ) AG—§) A*([—3L—20) dy AL

+/\%e‘¢°gzaf J J Ky (&9, AE—n) AT—n—Q)

x A(f—n—E— &) A*({—3n—2¢—£)dEdydg, (5.11)
A—>e 9t Bse20f a3 [> —00, (5.12)

where A, = |4%/(B, 73)|, and ¢, = arg[A%/(B,7%)]. The real parameter A, accounts for
the effect of the initial amplitude of the three-dimensional waves, while ¢, represents
the phase difference between the three- and two-dimensional waves.

Up to now we have assumed that the three-dimensional waves are initially
stronger than the two-dimensional wave. If on the other hand, € < &, i.e. |A)| <1,
then these equations reduce to

aAd _ +oo _
= e draye | -2 BU-H s, 5.13)
‘}i_‘; — 9.5 (5.14)

These are the reduced equations derived by Goldstein & Lee (1992) assuming that all
the waves have an equal amplitude initially. It is clear that the three-dimensional
waves have no back reaction on the two-dimensional wave. This is the so-called
parametric resonance. We note that it can occur whenever & > O[(ac,)*] > € and that
its effect is negligible when & < (ac;)®. As Goldstein & Lee (1992) show, in the
parametric-resonance regime the three-dimensional waves experience a faster-than-
exponential growth, while the two-dimensional wave continues to grow expo-
nentially. Ultimately the magnitude of the three-dimensional waves becomes equal
to &%, at which point the double and triple integrals in (5.10) and (5.11) become so
large that the cubic and quartic terms can no longer be neglected. The evolution then
enters the regime described by the fully coupled (5.10) and (5.11). Although an
asymptotic matching of the two regimes could be constructed with a careful shift of
the time origin, it seems unnecessary since the fully coupled equations keep all the
terms of (5.13) and (5.14), and are uniformly valid in the two regimes.
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5.2. Finite-time singularity structure

It seems that solutions of (5.10) and (5.11) develop a finite-time singularity. The
structure for it is given by

T % B
(t _t‘)3+ia' 4 (ts_t‘)4+2ia- 4
8

(5.15)

as {>t,, where a,, b, are complex numbers and o is a real number. In fact the
structure depends only on the order of the polynomial kernels in the amplitude
equations.

Substitution of the above expressions for 4 and B into (5.10) and (5.11) yields

(3+io)a, = e7ogy, D, ag by+Ag 91Dy aglagl’, (5.16)
(4+2i0)by = Aq (§21 Dy + 922 Do) bolaol* + AT €105 Doy agla,|?, (5.17)

where the constants D,, etc. are given by the following convergent integrals:
+ 00 .
Dy, = f E(14+£) 4 (1 +26)"0 0 dE,
]

Dy, = f T Kl DI B A+ EE (14 28 +) 00 dEdy,

0 0

+w +oo
D21 = J é’.&(l + g)—(4+2ia)(l + §+ ,,7)—(3+1a)(1 + 3§+77)—(3—ia) d?] dg,
0 0
+w M+ .
Dy, = f En+8) (n+28) (1+ 8+ HH2(1+ 421438+ 29) 7 dy g,
] ]

Dyy = f"“’ f"“’ me(g, 7,8 (1+39+2{+§)7C7

X[(1+7) (1+7+) A +7+L+£]7 M7 dEdRdL.
Solving b, from (5.17) and substituting into (5.16), we have

A3911923 D11 Dyg

3+ioc = ;
(4+2i0) — Ay(g21 Doy + 922 D2o)l

%Iz |a0|4+/\0912D12]a0|2. (5.18)

The parameters |a,| and o can be determined from (5.18). After integrating (5.10) and
(6.11) numerically, the singularity time ¢, can be determined as described in Wu
(1991), i.e. by fitting the numerically calculated functions A and B to (5.15).
Surprisingly, the two-dimensional wave has a ‘more singular’ structure than the
three-dimensional waves, as can be seen from (5.15). This implies that as the
singularity is approached the two-dimensional wave will grow faster than the three-
dimensional waves — eventually attaining a magnitude comparable with that of the
three-dimensional waves. Indeed, when the fully nonlinear Euler stage is reached,
the two- and the three-dimensional waves attain an order-one magnitude (see below).

The singularity structure (5.15) was also proposed independently by Goldstein &
Lee (1992), and has been confirmed by the numerical solutions of their coupled
amplitude equations. As mentioned earlier, the coefficients in their equations differ
from those in the present study. Therefore, we integrate our amplitude equations
(56.10) and (5.11) numerically using the coefficients calculated for the Stokes layer.
The parameters are A,, ¢, and wavenumber a. Both predictor-corrector (Milne’s
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method) and Adams—-Moulton methods with sixth-order accuracy were employed to
check the reliability of the solutions. We present our results in figures 4-6. Figures
4 (a) and 4(b) show the amplitude development of the oblique and planar waves
respectively; a = 0.6 and ¢, = 0. Results for & = 0.4 and ¢, = 0 are displayed in
figures 5 (a) and 5(b). It is seen that a singularity always seems to occur except when
Ay =0, i.e. except for the parametric resonance case (Goldstein & Lee 1992). As A,
increases, i.e. as the initial amplitude of the oblique waves is increased, blow-up
occurs earlier. When A, is small, for example A, = 0.01, the disturbances experience
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a parametric-resonance stage before entering the fully interactive stage. However,
when A, is larger, say 1.0, the parametric-resonance stage is not obvious, and the
disturbances seem to enter the fully interactive stage directly.

The effect of the phase difference, ¢,, on the evolution of the waves is illustrated
in figures 6(a) and 6(b) for « = 0.4 and A, = 0.1. It is seen that in the range of ¢,
investigated, i.e. 0 < ¢, < in, an increase of ¢, delays the occurrence of the
singularity ; of course this trend is reversed as ¢, is increased further. An important
feature is that the instantaneous amplitude of the oblique waves depends on the
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phase difference rather sensitively. This suggests that the phase difference will have
to be specified if a meaningful quantitative comparison between theory and
experiments is to be made.

Before closing this section, we turn to examine the validity of the amplitude
equations (5.10) and (5.11). Following an idea of Goldstein & Leib (1989), we examine
the asymptotic growth rates in the vicinity of the singularity. From the singularity
structure (5.15), it follows that asymptotic growth rates |4%,/|4'| and |B%,/|Bf|
behave like (|4/a,|)® and (|B*|/|b,|) respectively, where A* = ed and Bt = 8B are the
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unscaled amplitudes of the three- and two-dimensional waves respectively. Therefore

the initial scaling, i.e. . L
growth rate ~ (A7)F ~ (B,

is unchanged by the singularity. As Goldstein & Leib (1989) observe ‘this suggests
that the basic asymptotic structure will remain intact, and the present solution will
not break down until the amplitude of the disturbance becomes order one. The flow
will then be fully nonlinear and unsteady in the whole field, i.e. it will be governed
by the Euler equations’. This property of Hickernell type of amplitude equations has
been found in other flows, e.g. Goldstein & Leib (1989}, Goldstein & Choi (1989).

6. Discussion and conclusions

In this paper, we have discussed a resonant-triad interaction where all three waves
interplay and reinforce each other. The resulting amplitude equations are different
from those of Raetz (1959), Craik (1971) and Smith & Stewart (1987) in two
important aspects. (This comparison is of mathematical interest, and does not mean
that our analysis applies to the Blasius boundary layer.) Firstly, the local growth
rates depend on the whole history of evolution, unlike a conventional resonant triad
where the local growth rates depend only on the instantaneous amplitudes of waves.
Secondly, the back reaction of the oblique waves on the two-dimensional wave is
accounted by two cubic terms and one quartic term, rather than only one quadratic
term. The solution of our amplitude equations can always develop a finite-time
singularity. The occurrence of a finite-time singularity in the conventional resonant-
triad equations is also common, but tends to depend on the coefficients (Craik 1975).
For instance, Smith & Stewart (1987) found that no finite-time singularity was
allowed in their resonant-triad equations for ‘high-frequency’ lower-branch
Tollmien—Schlichting waves in a Blasius boundary layer. While it would be
interesting to see whether our singularity could be removed by viscous effects, to
have included them here would have greatly complicated an already complex
analysis. In the case of a two-dimensional wave, it has been shown that viscous
effects generally delay the occurrence of the finite-time singularity, and in certain
cases, sufficiently strong viscosity can eliminate the singularity completely (e.g.
Goldstein & Leib 1989). However, Wu (1991) and Wu & Cowley (1992) have shown
that for two-dimensional disturbances in a Stokes layer, there is a large range of
wavenumbers for which nonlinearity has a strong effect in the sense that a
singularity always occurs no matter how large the scaled viscosity parameter is. See
also Wu et al. (1992) for a study of the viscous effects on disturbances consisting of
a pair of oblique waves.

The kernels in the amplitude equations are fully determined by nonlinear
interactions inside the critical layers and do not depend on the detailed profile of the
basic flow. Therefore, the amplitude equations are universally applicable to any basic
flow which supports Rayleigh instability waves, provided appropriate conditions
such as those listed at the end of §2 are met. Moreover, we have argued that the
amplitude equations remain valid until the amplitude of the disturbance becomes
order one; the equations thus provide a full description of the evolution of a
resonant-triad of waves from their linear small-amplitude stage up to the fully
nonlinear order-one-amplitude stage. The parametric resonance can be treated as a
special limit of the fully interactive case.

The observation that an initially small disturbance can be further amplified by
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nonlinearity provides a possible explanation for the instability and transition of the
Stokes layer on a flat plate. It appears that instability and transition may be caused
by this nonlinear instantaneous growth rather than by the net growth of disturbances
over a period as predicted by Floquet theory. Since the disturbances that we
considered have high frequencies, we believe that the bursting phenomenon observed
in oscillatory Stokes layers (e.g. Merkli & Thomann 1975) is related to the explosive
growth predicted here.

As in Goldstein & Choi (1989), the nonlinear interaction between waves drives a
strong mean flow with the same magnitude as the oblique waves (cf. Hall & Smith
1991). The growth of this mean flow is enhanced by the resonance mechanism.
Moreover, both the measurements and visualization of Hino et al. (1976, 1983) reveal
the existence of a vortex structure in unstable Stokes layers.

Besides the above overall qualitative agreement of our theoretical predictions with
experimental observations, there are some quantitative conclusions that may be
drawn by combining the present nonlinear results with the linear results of Cowley
(1987). Firstly, it was shown by Cowley that the largest possible wavenumber for a
growing mode was a,, = 1.43, and we have shown that for a pair of three-dimensional
modes (a, + f,¢), resonance with a two-dimensional mode (2a,0,¢) occurs if § =
4/3a. Obviously it is required that 2« < «,, i.e. & < 0.72; then

B =/3x<1.25.

Suppose that the disturbances are basically three-dimensional and amplified by
resonance, then the streamwise wavelength, say A,, of the observed disturbance
should be larger than 8.738*, i.e.

A, > 8.736%,

and the spacing, say A,, between two neighbouring streaks should be larger than

2.520% i.e.
A, = 2.528%

where §* is thickness of Stokes layer. Thus our theory gives a ‘lower bound’ of space
scales of observable disturbances. Monkewitz & Bunster (1987) estimated from their
experiment that A, is about 106*. Hino et al. (1983) measured A,, and found that it
was 1.5 cm, which is 3.76*. Both seem to be in the predicted range. Secondly our
nonlinear theory shows that disturbances are substantially amplified by nonlinear
effects in the neighbourhood of neutral curves, which means that initially small
disturbances can attain a finite amplitude by this nonlinear amplification. Referring
to Cowley’s (1987) neutral diagram, we may conclude that very small-amplitude
initial disturbances are most likely to be observed shortly before or around the phase
sn of the basic flow. This conclusion is in agreement with the observation of
Monkewitz & Bunster (1987). But others, e.g. Akhavan et al. (1991 a) and references
herein, showed that explosive growth occurs at the end of the acceleration phase, i.e.
phase 0 in the notation of the present study. It is possible that this discrepancy arises
because of different levels of background noise in the various experiments (see Wu
et al. 1992 for a discussion of this point). However, we also note that all the
experiments were actually conducted for finite Stokes layers, where an additional
parameter A = h/8* occurs (here 4 is either the half-width of a channel or the radius
of a pipe). The value of 4 in most experiments (including that of Merkli & Thomann
1975) is in the range of 3 to 10, but it is about 44 in the experiment of Monkewitz
& Bunster (1987). Though this difference does not seem to alter the basic flow
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significantly, it is possible that at low A, some new mode which does not exist at
high 4 may bifurcate and cause transition.

Finally we note that various extensions of our theory are possible. For instance,
the oblique waves could be allowed to have different amplitudes, viscous effects could
be included in the critical layers, and wavetrains modulated in both the spanwise and
streamwise directions could be allowed for.

The author is grateful to Dr 8. J. Cowley and Professor J. T. Stuart FRS for many
discussions, and for their patient help in the improvement of earlier versions of the
manuscript. In addition, Professor A. D. D. Craik, Professor S. N. Brown and the
referees made many helpful comments and constructive suggestions. The author is
also grateful to Dr M. E. Goldstein and Dr 8. S. Lee for sending him the final version
of their paper. Dr S.S. Lee and one of the referees are thanked for raising the
question of possible errors, which alerted the author to spot an algebraic error in the
original version of (4.130).

 Appendix A
In (4.71), we have that

J = f+co f+ao J‘+co +e0 £V £+ £L+ 2En + 4 sin2 O(q + O] [(E— £) 69D
0 0 0 0
_§e—1ﬁ<c+u)]/f(t1— v—1_) AA(tl — U_,I)A“*(tl_ v—p—E) e~ 19D dg dp A d,

The factor £7! in the kernel leads to difficulties in deriving the asymptotic behaviour
of fi,’; J(Y)dY; this is needed to obtain the jump (cj —c¢;). To resolve this problem,
we split J into three parts, namely J,,J,,J,:

Y

J=J,+4sin?0J,—J,, (A1)

where
+o f+oo ([t (+oo
J, = '[ f f f [§2—£2+ 29 — 2En — 4 8in? O( + {)y] e~ 19E+—D
[1} 0 0 0
xA(h_U—g)A(tl“U—ﬂ)A*(tl—u—ﬂ_g)dgdﬂdgdv,
+0 f+oo f+oo (oo
Jv = j f f 5‘1(77 + g) vg[eiﬁ(gﬁr—g) —e“‘j<€+v)]
0 0 0 °
XAA(tl—U—g)AA(tl_U""’?)A‘*(tl—v—ﬂ—g) e—ia(cﬂ_g)dgdﬂdgdv,
o0+ [+ [+
Jo= f f J J [£+2n+ L] Lo tRE
0 0 0 0

xA(tl—v—g)ff(tl—v——ﬂ)ff*(tl—v—ﬂ—g)ew‘fdgdﬂdgdv.

In fact the integral J, turns out not to contribute to the jumps that we require, and
thus will not be considered henceforth.
Integration of J, with respect to ¥ from — oo to + oo yields

J ooJ,(Y)dY=2jof wf wf co[Q“—(§-f—v)2-f—217§—2(§—f—v)77—453in26?(77+§)77]

—@

x A(t,—v—n) A(t,—v—Q A*(t,— 20—y — & dyd¢dv.
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After simplification of the right-hand side, the above equation can be written

-0

f " 70 dy = -9, f mj * [282(E 4 n) + 4 sin® 6 + 28 +9°E)]

x A, —E) A(t,— £~ AXt,~ 26 —n)dEdy. (A 2)
The integral J, can be reduced to a triple-integral form

+00 4o o _ _
[ [ [ e mpteas o
0 0 0

x A(t,— O A(t,—n) A*(t,— L~ £ e D dEdpdl, (A 3)

or the alternative form

J, = W@iIl, (A4)
where I,= fm j " £\ % — 1] A(t, — £) A*(t,—{—£)dEAL. (A 5)

It will be seen that the factor 3 in the kernel of J, (see (A 3)), which has been
introduced by combining two Reynolds stress terms, is important for the success of
the following procedure for analysing the asymptote of J,. Integrating J, with
respect to Y, we have that

J‘+y 7)aY = 5 J+OOJ+OO +w§‘l 2?[sm9 7—§) sing'r)]
7—¢ i

x A(t,— Q) A(t, —q) A*({t,— L — £) e7i00~ 9 dgdydeg.

In order to calculate the main contributions to the above integrals, as Q-+ w0, we
split the kernel into the form

1 2p2[8iN2(n—§) sin Qn] _ . 8D Qun—§) ~ sinQf
£ 77{?[ 1—E . 1S 1—E 7&* cos E
—2982sin Qg sinzgéﬂg . (A6)

The first term represents the contribution from £ =%, the second and the third
represent the contributions from § = 9 = 0. After the kernel is so split and factorized,
the contributions from different stationary points can be identified. To obtain the
asymptote of the multiple integral, we now essentially need to deal with the
asymptotes of several single integrals. By using a Mellin transform method (Bleistein
& Handelman 1990), we find that only the first term contributes an O(1) jump, i.e.

+oo +00 (o0
[Comar =5 [ [ eedo o409 420, - - agar
After further transformations, this can be rewritten

f "I (D)dy = 2, f mJ " [ +38 + 30%) A, — £) A(t,— ) A*(t,— 26— ) dE .

—

(A7)



Nonlinear evolution of resonant-triad waves 593

Appendix B
In (4.75), we have that

400 oo .
b= f f g2 4A*(t,—E—n) B(t,—n)e'®7 9 dfdy,
0 0
I, = a8 *sin™ 0% ,, V2,
+oo +o +oo N - =
I, = f J EL 61960 4(t, —v) A(t, —v—E) A*(¢t, —v— ) dEdL dv,
[} 0 0
+00 f+oo (+oo f+o ” “ ”
I =J f j g e 0ET-D 4(t —y—y) A(t, —v— ) A*(t,—v—{) dEdy dEdv.
0 0 0 0
Substituting the expressions for U¥ ,, and V. into I,, we have that
+w (4o (oo _
I,= —f I GE2+4sin® O(E+7)y] (E+ 2y) " [e7AE 20 1K)
0 0 0
x Aty—n) A(t,— E—7) A*(t,—{) ™€ df dy d

Integration with respect to Y yields

+Y
j 1Y) dY

-Y

DY P Rl bl e - L [sinRE—§—29) sinQ
= —28 Jo fo . EE* +4sin®O(E+7)m)](E+ 29) [ T—E—2y 7 ]
x Aty —7) A(t, —E—n) A%, — §) e dE dn d¢.

Here again the kernel is split up as follows:

sin Q({—£—29) _singg]

$[£2+4sin? 0(§+77)77](§+277)_1[ {—E—29 4

sin (¢ E—2)
—E-2y

sin Q(£+29)
E+2q

= {[£*+4sin’ 6§+ 7)7)

—{[£2+4sin? (£ +75)n] cos 2

sin?1Q(£+27) .

£+29 (B1)

—28[£2 + 4 8in® 6(£+9)n] sin Q¢
Following a similar procedure to that used in simplifying J,, we can obtain

f I(Y)dY = ‘2joJ wf [7®+4sin® O(E+7)E}(2E+7)

—o0

x A(t,—E) A(t,—E—n) A*(t,—2£—n)dEdy. (B 2)
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The jumps related to the integrals I{?, I, and I, are straightforward to calculate, and
are

+ 00 + 00 ” .
f Iﬁf”(Y)dY=2J'of £2 4% (1, —26) B(t,—§) dé, (B3)
—0 0
400 +0 [+ . . R
J L(Y)dY = 2J'of f (E+ )AL, —E) A(t,— E—n) A*(t,— 26 —9) dEd,
- 0 0
(B4)
and
'+ 0 '+ [+
[ amar =, [ e +senem
—w 0 0
x A(t,~ &) A(t,— E—n) A*(t, ~26~7)dEdy. (B 5)
Appendix C
In this appendix, we solve for the function ¥, satisfying
LEV, vy = MY + 1P + TP, €1
where

B = ~3AVE By —PAWEF,, TP = BEOF WD)y +44W, Vi,
B = 260, V0 =24, v V0.

The solution driven by M is

i oo (oo (oo ~
S4 sin? ﬁf f f KP(&,m,§) e AEX2%+3 4 (8, —1)
0 0 0

x A(t,—n—At,—n—E—E)dEdnds, (C2)
where the kernel is

K&, 9,8 = —E(E+20) 26+ +4sin® 0] —3(E+E) (E+20)1. (C3)
The solution forced by M is

'+ oo (4o f+oo
_45481“44 | f ([262+ 267 + E£] + 4 sin? 6(§ + )y} e~ E+2rs20
0 0 0 0

x A(t,—v—n) At,—v—0 A(t,—v—n—{) dEdypd¢dv.

After some simplification it can be written:
_ +aw ft+oo oo N
—48%sin* 0 J f K (£,7,§) el0E % A(t, — )
o Jo Jo

At,—n—0 A, —n—{—£)dEdyds, (C4)
where

RO 1.0 = 3E+O1" +208 +4EL 30 +4sin 60"+ €420 +HE+ O]

Before seeking the solution driven by M, we write M as follows after using (4.35):

]W}?) = "2/9Wl, YYB+ [iﬂSﬂWl,YY 1132’17(22"1‘,” +2ﬂW1,Y Vé?‘;‘z”]+2ﬂ17;1 Al,YYSﬁ‘ 0.
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The solution driven by M@ is then
V®yy = S4sin® O[T, + I, + 2 sin? 61,] + 2iS® sin? 61D,

where I, =ipSsinOW, v, V2,
- oo [0 (o0 . ) .
b =f f £Q e 0640 (1, — o) A(t,—v—£) At —v—§) dEdL dv,
0 0 (1}
~ +00 o0 f+o0 t+oo . . .
12=f j J é‘le-lﬂ(§+1}+3v+§)A(tl_U_,'])A(tl_v_g)A(tl_v_g)dgd”dgdv’
(1} 0 (1} (1}

+a0 f+00
1 = [ [ edi—g-n B - meaen agay.
0 0
The integrals 7, and7, can be rewritten:
- +w (oo 40 “
h= f f LE+E)(E+20) €40 41, —y)
0 (] 0
xA(ty—n—A(t,—n—¢—§)dEdpdl, (C6)
+o0 f+o0 o0
I, = 2f f f [7° + (E+28)n* + (8 + 26+ 287y e~ AEv2EH 3D
0 (1} 0

x A(t,—n) At,—n— O At,—n—E—£)dEdndl. (CT)

The solution driven by all three terms can be written as

173, Yy = Vgr,)yy"‘ V:(sf)yy"‘ V.Si?)}’}” (C8)
where V®yy = 8*sint 01, = 1S W, 4y VD, (C9)
VP, = 2i8%sin® 012, (C10)

- +ow f+oo [+oo -
Py =Stsinte [ [ [T R g n g e
0 0 0

x A(t,—m) At,—n— 0 At,—9p—¢—E dEdydg, (C11)
and

R (&0, 0) = —EQE+OE+20)
+45in® 6] — JL(E + O(E+20) —3(E+ {)m® — (482 + 8EL+ 6L%)7]
+4sin® 0] — 37° — 3(£+ 20)7° + (82— 260 — 28], (C12)

REFERENCES
Axuavan, R, Kamy, R. D. & SHaPIRO, A. H. 19912 An investigation of transition to turbulence
in bounded oscillatory Stokes Flow. Part 1. Experiments. J. Fluid Mech. 225, 395.

AxHavaN, R, KamMm, R. D. & SHAPIRO, A. H. 19915 An investigation of transition to turbulence
in bounded oscillatory Stokes Flow. Part 2. Numerical simulations. J. Fluid Mech. 225, 423.

BenxEey, D.J. 1961 A nonlinear theory for oscillations in a parallel flow. J. Fluid Mech. 10, 209.

BeNNEY, D. J. 1984 The evolution of disturbances in shear flows at high Reynolds number. Stud.
Appl. Maths 70, 1.

BENNEY, D. J. & BERGERON, R. F. 1969 A new class of nonlinear waves in parallel shear flows.
Stud. Appl. Maths 48, 181.



596 X. Wu

BieisTEIN, N. & HanpeELMAN, R. A, 1990 Asymptotic Expansions of Integrals. Dover.

Bopoxnvyr, R.J. & SmitH, F. T. 1981 The upper branch stability of the Blasius boundary layer,
including non-parallel effects. Proc. R. Soc. Lond. A375, 65.

CruriLov, S. M. & Suukaman, I. G. 1987 The nonlinear development of disturbances in a zonal
shear flow. Geophys. Astrophys. Fluid Dyn. 10,1.

CoLins, J. I. 1963 Inception of turbulence at the bed under periodic gravity waves. J. Geophys.
Res. 18, 6007.

CowLEY, S.J. 1987 High frequency Rayleigh instability of Stokes layers. In Stability of Time
Dependent and Spatially Varying Flows (ed. D. L. Dwoyer & M. Y. Hussaini, p. 261.
Craik, A. D. D. 1971 Non-linear resonant instability in boundary layers. J. Fluid Mech. 50, 393.

Cralk, A. D. D. 1975 Second order resonance and subcritical instability. Proc. R. Soc. Lond. A 343,
351.

Craix, A. D. D. 1985 Wave Interactions and Fluids Flows. Cambridge University Press.

GoLpsTEIN, M. E. & Cror, S.-W. 1989 Nonlinear evolution of interacting oblique waves on two-
dimensional shear layers. J. Fluid Mech. 207, 97.

GoLpsTEIN, M. E., Dursin, P. A. & LEis, S.J. 1987 Roll-up of vorticity in adverse-pressure-
gradient boundary layers. J. Fluid Mech. 183, 325.

GoLpsTEIN, M. E. & HuLTtereEN, L. S. 1989 Nonlinear spatial evolution of an externally excited
instability wave in a free shear layer. J. Fluid Mech. 197, 295.

GoLpsTEIN, M. E. & Lig, S.8. 1992 Fully coupled resonant-triad interaction in an adverse-
pressure-gradient boundary layer. J. Fluid Mech. 245, 523.

GoLpsTEIN, M. E. & LE1g, 8. J. 1988 Nonlinear roll-up of externally excited free shear layers.
J. Fluid Mech. 191, 481.

GoLpsTEIN, M. E. & LE1B, 8. J. 1989 Nonlinear evolution of oblique waves on compressible shear
layers. J. Fluid Mech. 207, 73.

Havrr, P. 1978 The linear instability of flat Stokes layers. Proc. R. Soc. Lond. A 359, 151.

Harr, P. 1984 On the stability of the unsteady boundary layer on a cylinder oscillating
transversely in a viscous fluid. J. Fluid Mech. 146, 347.

Havrw, P., Smita, F. T. 1988 The nonlinear interaction of Tollmien-Schlichting waves and Taylor-
Gortler vortices in curved channel flows. Proc. R. Soc. Lond. A 417, 255.

Harr, P. & Smita, F. T. 1989 Nonlinear Tollmien-Schlichting/vortex interaction in boundary
layers. Eur. J. Mech. B9, 179.

Haww, P. & Smrra, F. T. 1990 In Proc. ICASE Workshop on Instability and Transition, Vol. 11 (ed.
M. Y. Hussaini & R. G. Voigt), p. 5. Springer.

Harr, P. & Smrth, F. T. 1991 On strongly nonlinear vortex/wave interactions in boundary-layer
transition. J. Fluid Mech. 227, 641. See also ICASE Rep. 89-22.

HickerNELL, F. J. 1984 Time-dependent critical layers in shear flows on the beta-plane. J. Fluid
Mech. 142, 431.

Hivo, M., KASHIWAYANAGI, M., NaRavaMa, A. & Hara, T. 1983 Experiments on the turbulence
statistics and structure of a reciprocating oscillatory flow. J. Fluid Mech. 131, 363.

Hino, M., SawamoTo, M. & Taxkasu, S. 1976 Experiments on transition to turbulence in an
oscillatory pipe flow. J. Fluid Mech. 75, 193.

KEerczeK, C. voN & Davis, 8. H. 1974 Linear stability theory of oscillatory Stokes layers. J. Fluid
Mech. 62, 753.

KErczek, C. vox & Davis, S. H. 1976 The instability of a stratified periodic boundary layer.
J. Fluid Mech. 75, 287.

LEis, S.J. 1991 Nonlinear evolution of subsonic and supersonic disturbances on a compressible
free shear layer. J. Fluid Mech. 224, 551.

MankBapI, R. R. 1992 A critical-layer analysis of the near-resonant triad in Blasius boundary-
layer instability. J. Fluid Mech. (submitted).

MasLOWE, S. A. 1986 Critical layers in shear flows. Ann. Rev. Fluid Mech. 18, 406.

Merkul, P. & THOMANN, H. 1975 Transition to turbulence in oscillating pipe flow. J. Fluid Mech.
68, 567.



Nonlinear evolution of resonant-triad waves 597

MonkewrTz, M. A. 1983 Lineare stabilitats — untersuchungen an den oszillierenden Gren-
zschichten von Stokes. Ph.D. thesis No. 7297, Federal Institute of Technology, Zurich,
Switzerland.

MonkEwITZ, P. A. & BUNSTER, A. 1987 The stability of the Stokes layer: visual observations and
some theoretical considerations. In Stability of Time dependent and spatially Varying Flows (ed
D. L. Dwoyer & M. Y. Hussaini, p. 244.

OBrEMskI, H. J. & MorkoviN, M. V. 1969 Application of a quasi-steady stability model to
periodic boundary layer. A744 J. 7, 1298.

Paraceorciou, D. 1987 Stability of the unsteady viscous flow in a curved pipe. J. Fluid Mech.
182, 209.

RaETZ, G. S. 1959 A new theory of the cause of transition in fluid flows. Northrop Corp. NOR-
59-383 BLC-121.

SEMINARA, G. & HaLr, P. 1976 Centrifugal instability of a Stokes layer: linear theory. Proc. R.
Soc. Lond. A 350, 299.

SHUKHMAN, I. G. 1991 Nonlinear evolution of spiral density waves generated by the instability of
the shear layer in rotating compressible fluids. J. Fluid Mech. 233, 587.

SmitH, F. T. & STEWART, P. A. 1987 The resonant-triad nonlinear interaction in boundary-layer
transition. J. Fluid Mech. 179, 227.

Smitr, F.T. & WarLtoNn, A. G. 1990 Nonlinear interaction of near-planar TS waves and
longitudinal vortices in boundary-layer transition. Mathematika 36, 262.

Squire, H. B. 1933 On the stability for three-dimensional disturbances of viscous fluid flows
between parallel walls. Proc. B. Soc. Lond. A142, 621.

STEwarTsON, K. 1981 Marginally stable inviscid flows with critical layers. IMA J. Appl. Maths
27, 133.

StuarT, J.T. 1960 On the non-linear mechanics of wave disturbances in stable and unstable
parallel flows. Part 1. J. Fluid Mech. 9, 353.

StuarT, J. T. 19624 Nonlinear effects in hydrodynamic stability. In Proc. 10th Intl. Congr. Appl.
Mech. Stresa, Italy 1960 (ed F. Rolla & W. T. Koiter), p. 63.

STUuART, J. T. 19625 On three-dimensional nonlinear effects in the stability of parallel flows. Adv.
Aero. Sci. 3, 121.

Tuomas, M. D. 1992 On the resonant-triad interaction in flows over rigid and flexible boundaries.
J. Fluid Mech. 234, 417.

Tromans, P. 1978 Stability and transition of periodic pipe flows. Ph.D. thesis, University of
Cambridge.

UsHER, J. R. & Craik, A. D. D. 1975 Nonlinear wave interactions in shear flows. Part 2. Third-
order theory. J. Fluid Meck. 70, 437.

WAaRN, T. & WaRN, H. 1978 The evolution of a nonlinear critical layer. Stud. Appl. Maths. 59, 37.

WartsoN, J. 1960 On the non-linear mechanics of wave disturbances in stable and unstable parallel
flows. Part 2. J. Fluid Mech. 9, 371.

Wu, X. 1991 Nonlinear instability of Stokes layers. Ph.D. thesis, University of London.

Wu, X. & CowLEY, S.J. 1992 The nonlinear evolution of high-frequency disturbances in an
oscillatory Stokes layer at high Reynolds number. T'o be submitted.

Wu, X, LEg, 8. 8. & CowLEY, 8. J. 1992 On the nonlinear three-dimensional instability of Stokes
layers and other shear layers to pairs of oblique waves. J. Fluid Mech. (submitted).





